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Stochastic simulations

Problem:

Rl,kli 5—>®
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Stochastic simulations

Problem:
Solution:
[S] = Spe ™!
where Sg is an inititial concentration of S and kg is a kinetic
constant.
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Stochastic simulations

S(ti2) = So/2
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S(ti2) = So/2
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Stochastic simulations

S(ti2) = So/2

Soe Fot/z = Gy /2

e fotiz = 1/2

efkotl/z — e/n1/2

- k0t1/2 = /n1/2

t1/2 = /n2_1/ — ko
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Stochastic simulations

S(ti2) = So/2

Soe Fot/z = Gy /2

e kot = 1/2
e—kotijz _ gln1/2
— kotyy = In1/2

tij2 = 271/ — ko
ti/2 = In2/ko
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Stochastic simulations

n - number of S particles

P(n) - probability of having n particles of S

P(n, t) - probability of having n particles of S in the time t
What are the possible transitions of the system?
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Stochastic simulations

From Master equation we can write:
OP(n,t)

ot
Wy« - rate of change from state k into n

= W,,7,,+1P(n +1, t) — Wn_17,,P(n, t)
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Stochastic simulations

From Master equation we can write:

OP(n,t)
ot
Wy« - rate of change from state k into n
We can assume: Wy i1~ n+1and wy_1,~ n.

= W,,7,,+1P(n +1, t) — Wn_17,,P(n, t)
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Stochastic simulations

From Master equation we can write:

OP(n,t)
ot
Wy« - rate of change from state k into n
We can assume: Wy i1~ n+1and wy_1,~ n.

= W,,7,,+1P(n +1, t) — Wn_17,,P(n, t)

OP(n,t)

o = (- DP(n+1.1) — nP(n,1)
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Stochastic simulations

Our target is to compute P(n, t). We know:
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Stochastic simulations

Our target is to compute P(n, t). We know:

OP(n,t)

5 = Wpnt1P(n+1,t) — wp_1,,P(n, t)
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Stochastic simulations

Our target is to compute P(n, t). We know:
OP(n, t)

ot
P(no,0) = 1,Vi # 0.P(n;,0) =0

= Wppt1P(n+1,t) — wp_1,,P(n, t)
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Stochastic simulations

Our target is to compute P(n, t). We know:

OP(n, t)
ot
P(no,0) = 1,¥i # 0.P(n;,0) =0
No particles of S are created during the decay process.

= Wppt1P(n+1,t) — wp_1,,P(n, t)
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Stochastic simulations

We define generating funtion:
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Stochastic simulations

We define generating funtion:

no

G(s,t) =) _P(n,t)s"

n=0
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Stochastic simulations

We define generating funtion:

no
G(s,t) =) _P(n,t)s"
n=0
9G(s,t) <= 0P(n,t) ,
ot _;) ot -
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Stochastic simulations

We define generating funtion:

no
G(s,t) =) _P(n,t)s"
n=0
9G(s,t) <= 0P(n,t) ,
ot _;) ot -

) =3 04 0P 1) - ()
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Stochastic simulations

It can be shown:
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Stochastic simulations

Since Vi # 0.P(n;,0) = 0:

no
G(s,t =0)=>_P(n,0)s"” = P(no,0)s™
n=0
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Stochastic simulations

Since Vi # 0.P(n;,0) = 0:

no
G(s,t =0)=>_P(n,0)s"” = P(no,0)s™
n=0

Since P(np,0) =1:

G(S, t= 0) — P(n070)sno — 1g™0 — gMo
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Stochastic simulations

We define:
o 7(t) = kt

We can derivate these functions:
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Stochastic simulations

We define:
o 7(t) = kt
e o(s)=—In(1—5s)
We can derivate these functions:
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Stochastic simulations

We define:
o 7(t) = kt
e o(s)=—In(1—5s)

We can derivate these functions:
e dr = kdt
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Stochastic simulations

We define:
o 7(t) = kt
e o(s)=—In(1—5s)
We can derivate these functions:

o dT = kdt
o do = 1/(1—s) (note: (fg) (x) = F(g(x))g’())
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Stochastic simulations

It can be shown that:

06 _ 06
do Ot
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Stochastic simulations

It can be shown that if:

06 _ 06
do  Or
Then all functions which are solution must obey:

G(o,7)=G(oc+7)=G(y)
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Stochastic simulations

oG dG oy dG (0+T) dG (8 + 87)

3

(1+0)_ @
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Stochastic simulations

G _ dG Oy _ dGO(o+T) _ dG (do or\ _ dG _ dG
=G =% o =& (eta)=50+0=F
0G _ dGOy _ dGO(o+7) _ dG (0o | Or) _ dG — dG
or ~ dy or = dy Or _dy(67+87)_dy(0+1)_dy
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Stochastic simulations

o= —In(1-5)
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Stochastic simulations

o= —In(1-5)
e’ — ef/n(lfs)
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Stochastic simulations

)

= —In(1—5)
o _ ef/n(lfs)

o _ (1_5)—1

D D
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Stochastic simulations

o= —In(1-5)
e’ — ef/n(lfs)

e’ = (1—s)71
l—-s=¢e"°
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Stochastic simulations

From the beginning we know that G(s,0) = s™. From previous we
know: s=1—e"7

Szymon Stoma Statistical physics



Stochastic simulations

From the beginning we know that G(s,0) = s™. From previous we
know: s =1 — e~? Then we can write:

Glo,7=0)=s"=(1—-e"7)"
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Stochastic simulations

From the beginning we know that G(s,0) = s™. From previous we
know: s =1 — e~? Then we can write:

Glo,7=0)=s"=(1—-e"7)"

Which allow us (together with G(o,7) = G(0 + 7)) to write:

G(o,7) = (1 — e~ (ot
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Stochastic simulations

We go back to the G function:
o G(o,7)=(1— e (@t7))no
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Stochastic simulations

We go back to the G function:
o G(o,7)=(1— e (@t7))no
o G(o,7)=(1—e e ™)™
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Stochastic simulations

We go back to the G function:
o G(o,7) = (1— e (atm))mo
o G(o,7)=(1—e e ™)™
o G(o,7)=(1- e”'(l_s)e_kt)'70
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Stochastic simulations

We go back to the G function:
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Stochastic simulations

So we have: o
G(s, t) = (1 —(1- s)e—kf)
And we can check:
0 G(s,t)[sz1=(1-(1-1)e ) =10 =1
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Stochastic simulations

The first derivate of G over s is the mean:
G (s, t)’S L = no (1 _ (1 _ S) —kt)"o—l (efkt) ’5:1
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Stochastic simulations

The first derivate of G over s is the mean:

° aGa(z’t) ls=1=no (1 —(1— s)e*kt)no_1 (e7k) s=1

° aGa(z,f) ls=1 = no (1 —(1- 1)e_kt) no—1 (e_kt)
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Stochastic simulations

The first derivate of G over s is the mean:
_ -1 _
o e = no (1= (1=9)e )™ () ot

Os
0 S|y =y (1 (1 - e k)™ (e k)
o 8Ga(:,t) oot = ekt
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Stochastic simulations

The variance is:

2 _ (892G |, 8G 9G 2
°0 _<W+§_(¥) )|s:1
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Stochastic simulations

The variance is:

2 _ (892G |, 8G 9G 2
°0 _<W+§_(¥) )|s:1

26 _ 3[no(lf(lfs)e_kt)"o_l(e—kt)]

® 5 Os
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Stochastic simulations

The variance is:
2 _ (892G | 8G 9G 2
. (7652 + % — () ) |s=1

926G 8[nO(lf(lfs)e—kt)no_l(e—kt)]
625 = Os

o %52 = ng(no —1) (1 —(1- s)e‘kt)no_2 (e‘kt) (e_kt)
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Stochastic simulations

The variance is:
2 _ (826G | G _ (9G)2
°7 _<W+§—(m) )|s:1

892G 3[no(lf(lfs)e_kt)"o_l(e—kt)]
s T s
o BE = (g 1) (1 (- e (o) (eh)

° 88275’5:1 =no(no —1) (1 — (1~ 1)e*’<f)”0_2 (e72kt)
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Stochastic simulations

The variance is:
0 0= (55 +% — (5)7) =
26 8[no(lf(lfs)e_kt)no_l(e_kt)]
92s Js
° %275 =no(no—1) (1— (1 — s)e‘kt)no_2 (e=k) (e=k)
o Ty = no(ny —1) (1 — (1 —1)e k)™ % (e=2kt)

2
° %Tf|5:1 = ng(np — 1) (e‘2kt)
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Stochastic simulations

The variance is:
2 _ (092G |, 9G 9G\2
° 0" = (asz + 5 — (%) >|s=1
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Stochastic simulations

The variance is:
oG
0 o? = (5 + %~ (59)°) I

2
° %Tf|s:1 = no(no — 1) (e72kt)
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Stochastic simulations

The variance is:
0 02 = (%8 +% — (39)°) o=

° &|5_1 = ng(np — 1) (e‘zkt)

BG S t)|5 1= noe_kt
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Stochastic simulations

The variance is:

0 = (%8 + %~ (59)) I
2

) &|5 1= n()( 0—1) (e_2kt)

° BGSt)|S 1 = nmpe —kt

o 02 =no(ng — 1) (e72kt) + nge Kt — (nge=kt)2
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Stochastic simulations

The variance is:
0 02 = (%8 +% — (39)°) o=

° &|5_1 = ng(np — 1) (e‘zkt)

BG S t)|5 1= noe_kt

° 02 = no(ng — 1) (e72kt) + ngekt — (npe=kt)2

0 02 = nge_2kt _ noe—2kt + noe—kt _ nge_zkt
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Stochastic simulations
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Stochastic simulations

The variance is:

2 _ (892G |, 98G 9G 2
°0 _<W+¥_(¥) )|s:1
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Stochastic simulations

The variance is:
2 _ (892G |, 8G 9G 2
° 0" = (Tsz + % — () ) |s=1

o 02 = —nge 2Kt 4 npekt = npe Kt (1 — e7kt)
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Stochastic simulations

The variance is:
2 _ (82G |, 8G _ (8G)2
® 0% = (W+¥ () )|s:1
o 02 = —nge 2Kt 4 npekt = npe Kt (1 — e7kt)

oift—0:0—0
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Stochastic simulations

The variance is:
2 _ (892G |, 8G 9G\2
° 0" = (Tsz + % — () ) |s=1
o 02 = —nge 2Kt 4 npekt = npe Kt (1 — e7kt)
oift—0:0—0

oift—00:0—0
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Stochastic simulations

The variance is:
2 _ (892G |, 8G 9G\2
° 0" = (Tsz + % — () ) |s=1
02 — _noe—zkt + noe—kt — noe_kt(l _ e—kt)
ft—=0:0—0
ft—00:0—0

dditz = 0 to find when the variance is the highest
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Stochastic simulations

0 - = —n0672kt + noe*kt
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Stochastic simulations

0 - = —n0672kt + noe*kt

0 0= —npe 2kt « 2k + nge Kt « —k
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Stochastic simulations

o 02 = —nge 2kt 4 ppe~

0 0= —npe 2kt « 2k + nge Kt « —k
0=e 2kt y D4 gkt

kt
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Stochastic simulations

2 _ kt

02 = —nge 2Kt  nge—
0= —nge 2kt s« —2k + nge Kt x —k
0= e—2kt =2 4 e—kt
O=ekx-241
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Stochastic simulations

2 _ kt

02 = —nge 2Kt  nge—
0= —nge 2kt s« —2k + nge Kt x —k
0= e—2kt =2 4 e—kt
O=ekx-241

t=1In(2)/k =ty
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Stochastic simulations

2 —2kt —kt
@ 0 = —npe “"1/2 4 nge” /2
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Stochastic simulations

,2775)( — _noe—thl/z + noe—kt1/2
Ur2nax — _noe—2ln(2) + noe—/n(2)
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Stochastic simulations

0_,2nax — _noe—thl/z + noe—kt1/2
2 _ —2In(2 —In(2
max — — o€ ()+noe (@)
2

Omax = n0/4
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Stochastic simulations

° Urznax = _noe—2kt1/2 + nOe_ktl/2
2 —2In(2 —In(2
o 02 = —nge 22 4 pye=n(2)
° 02 =ny/4
oG _ —In(2) _
o ﬁ\szl,t:tl/z = npe ") = no /4
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Stochastic simulations

002, = —npe—2Kt12 4 poe—kt/2
e Ur2nax = —noe_zl”(2) + noe—/n(z)

© O7ax = Mo/4

° ?Tf‘s:l,t:tl/z = npe "® = ny/4

@ Max standard error: \/m/(noﬁ) =1/\/no
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Stochastic simulations

0 0/28 |, 1 = \/moe F(L— e F)/(noe k1)
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Stochastic simulations

0 0/28 |, 1 = \/moe F(L— e F)/(noe k1)

° 0/l = (1/ym) V(1 - e k)/Ve K
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Stochastic simulations

° U/%—f’S:l = /npe k(1 — e=kt) /(ngekt)
° o/%els=1 = (1/ymo) V(1 — e k) Ve K
o 0/ %1 = (1/y/m0) V(K —1)
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Stochastic simulations

° U/%—f’S:l = /npe k(1 — e=kt) /(ngekt)
° o/%els=1 = (1/ymo) V(1 — e k) Ve K
o 0/ %1 = (1/y/m0) V(K —1)

° 0/%—5]5:1 =/(ekt —1)/ng
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