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Abstract

The research presented in this thesis uses computational techniques to heighten
our comprehension of shoot apical meristem (SAM) development, and in par-
ticular the process of regular organ initiation, called phyllotaxis. This work is
focused on the role of an essential plant hormone, auxin, in SAM development.
In this thesis, I introduce an auxin-transport model of phyllotaxis at cellular
scale, which is able to reproduce spiral phyllotaxis patterns observed in vivo.
The auxin-transport is mediated by special membrane carrier molecules, called
PIN proteins. The polarization of PIN inside of the cell is regulated by the flux
of auxin, as it was suggested in the original canalization concept proposed by
Tsvi Sachs. The proposed flux-based model reproduces PIN distribution ob-
served in vivo both, in L1 meristem layer and as well in the rib zone of the
meristem. Second part of the thesis is dedicated to the simulations of growth.
In this part, I introduce the physical-based framework to simulate growth of
the meristem including tropisms. Since auxin modifies rigidity of cell walls
leading to an increase in growth rates in the spots of its high concentration,
the introduced framework is used to upgrade auxin transport-based model of
phyllotaxis. In this upgraded model the transport-based patterning mechanism
directly modifies the growth directions of the meristem, allowing us to study

the coupling of growth, auxin and PIN distributions.

20



Introduction

A meristem is a section of a plant tissue characterised by continuous cell di-
visions and growth. It consists of incompletely or not differentiated cells func-
tionally analogous to stem cells*! in animals. Shoot apical meristem (SAM) is
located at the tip of the aerial part of the plant. It produces lateral organs
and stem tissues. One of the most spectacular phenomena resulting from the

meristem functioning is the process of regular organ initiation — phyllotazis®.

During plant development, the cells in the meristem interact with each other by
sensing and emitting various molecules. This interaction is called cell signalling
and it leads to specific, spatial and temporal gene expression patterns, creating
a dynamic patterning mechanism. The phyllotaxis is driven by this complex

3. Due to their intricacy, a qualitative analysis of complex systems, is

system
usually not possible. However, computational modelling provides a powerful

means to test the behaviour of such systems.

During last years the development of methods enabling observation and anal-
ysis of plant cells rapidly progressed. In particular, the knowledge about cell
signalling and patterns of gene expression significantly increased allowing us to
gain a deeper insight into the mechanisms responsible for meristem functioning
at a cellular level. Although relevant progress has been made in understanding
how morphogen* distributions are changing during plant development, less is

still known about how these distributions are related to plant growth.

Understanding how morphogens both influence and respond to growth can be
also addressed using computational modelling. Using mechanistic computer

models it is possible to generate shape changes and associated morphogen pat-

IDifficult words are marked with * if they are used more than once. Their definitions can
be found in the Glossary in the Appendix B. If the word is used only once, the definition is
given in the footnote.

2from the Greek (phyllon — leaf; tazis — order).

3A complex system is a system composed of interconnected parts that as a whole exhibit
behaviour not obvious from the properties of the individual parts (Wikipedia).

4 A morphogen is a substance governing the pattern of tissue development and, in particular,
the positions of the various specialised cell types within a tissue (Wikipedia).

21
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terns. The results can be compared with experimental observations of normal

and mutant phenotypes and therefore, used to test and verify hypotheses.

This work is focused on the role of an essential plant hormone, auzin, in SAM
development. The interest in this particular, biochemical substance arises from
the experiments showing a direct influence of auxin on the process of organ
initiation in SAM, as well as its correlation with cell growth intensity. It is be-
lieved, that auxin-based mechanisms are responsible for this remarkable, regular

arrangement of organs that has been discussed since centuries.

It is assumed that phyllotaxis results from an uneven distribution of auxin
caused by its active transport mediated by special molecules, called membrane
carriers. These membrane proteins enable both the cell influx and efflux of
auxin. Interestingly, recent findings suggest, that these carriers are regulated
by auxin itself. This dependency creates a complex feedback loop, increasing

the difficulty level of further analysis.

Present biomolecular methods do not allow us to tracking the auxin flow di-
rectly at the cellular level. However, there is a possibility (e.g. through stain-
ing of auxin carriers) to follow periodical patterns of these transporters during
the meristem development. The auxin distribution can thus be accessed in
an indirect way. Due to these obstacles in the auxin-based model explaining
phyllotaxis, additional hypotheses describing the relation between auxin and its

transporters are needed.

The main goal of this thesis is to increase the comprehension of such a
Daedalian, biological process as phyllotaxis in the context of pattern-
ing and growth. This task is realized using computional modelling

techniques.

In the context of this work, I developed a collection of dedicated computer
simulation tools. They allowed me to convey in silico experiments focused on
the meristem development and, in particular, on the hypothesised mechanisms
governing the auxin transport driving the phyllotaxis, as well as to analyze the

feedback between growth and auxin distribution.



Organization of the thesis

In the first chapter I introduce the meristem (1.1.1), describe its structure
(1.1.2), gene expression during its development (1.3.2), and further I focus on
its dynamics. Its development leads to a phyllotaxis (1.2), thus I present the
terms required to analyze this process and review a subset of phyllotaxis models
based on the concept of inhibitory field (1.2.3). In the context of phyllotaxis,
a plant hormone auzin is explained (1.3). I discuss in details the biological
data concerning auxin functions (1.3.1) and in particular its transport in the
SAM (1.3.2). In the subsection 1.3.3 auxin transport model is formalized in the
form of equation system. The chapter finishes with the comparision of recent
phyllotaxis models based on the active transport of auxin and its concentration-
based mechanism (1.4). The mathematical notation introduced and developed
in this section is used to unify all auxin transport models reviewed and studied

within this thesis (which importantly simplifies the in between comparisons).

In the second chapter auxin transport in the tissue and meristem is discussed
in details. I present the original Sachs concept (the canalization hypothesis,
and its generalization, fluz-based mechanism) and its formalization proposed by
Mitchison. In section 2.2 our work on fluz-based auxin transport extending the
Mitchison’s simulations is presented. This work was used as a basis to study the
fluz-based mechanism in the context of phyllotaxis. In section 2.2, I describe
this study, in which we show, that the fluz-based hypothesis, together with a
set of rules describing the development of the meristem creates a self-organising
system, which is able to drive phyllotaxis. I describe the properties of this
system and compare in silico images with in vivo ones. Finally, in the last
section of this chapter (2.3), the fluz-based phyllotaxis model is compared with

the concentration-based models.

In the third chapter cell mechanics is studied. Firstly, I review the mechanical
properties of cell wall in the context of growth (3.1), I present our work on a
modelling framework, which allowed us to study the influence of the mechanical

properties of the meristem on its developing form (3.2). We performed a series

23
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of in silico experiments, in which we investigated the issues of a maintenance of
the dome-like shape of pinl (3.3), the local variation of growth depending on
the concentration of auxin in growing meristem (3.4), and finally the feedback
between the concentration-based auxin transport model and auxin-dependent
growth (3.5).

In the fourth chapter computer details concerning the modelling issues are dis-
cussed. I present the concept of (DS)? systems (4.1) and place tissue structures
in this context. I review structures used to model various cellular processes (4.2)
and introduce the WalledTissue, the data structure developed during this thesis
(4.2.2).

In the appendices a short text on the solving of ODE and PDE equation in
the context of this thesis is attached (A). Since this thesis is placed in the
multidisciplinary field, a glossary containing difficult words was prepared (B).
Also, original posters, covers and publications diffused during this thesis are
attached (C).



Chapter 1

Development of the meristem

1.1 Meristems

1.1.1 The shoot apical meristem (SAM)

A plant develops and increases its size through the activity of small groups of
undifferentiated cells called meristems. Different types of meristems are identi-
fied according to their function and localisation in the growing plant. The SAM
is localized at the tip of aerial plant’s axes, whereas the root apical meristem
(RAM) at the tip of ground plant’s axes. Cells in the SAM give rise to all
plant organs above the ground, e.g. leaf or flower primordia, whereas the RAM
initiates the subterranean portion of the plant. Moreover, the SAM has the
ability to form as well lateral organs such as petals, floral bracts or bud scales.
During vegetative growth of the plant the SAM continuously produces branches
or leaves. When flowering begins, the SAM evolves into inflorescent meristem

producing floral meristems [Solomon and Berg, 2007].

This thesis is focused on the shoot apical meristem and therefore further de-
tailed discussion concerns this plant tissue. The figure 1.1 shows the SAM of
Antirrhinum from the top and the side, taken using the scanning electron mi-

croscope (SEM). The side-view of SAM scheme is presented in the figure 1.2.

1.1.2 The structure of the SAM

In the shoot apical meristem an organisation into radial zones and layers is
distinguished [Schmidt, 1924].

25
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Figure 1.1: Electro scan microscope images taken of shoot apical meristems of
Snapdragon (Antirrhinum majus).

Figure 1.1a shows the meristem seen from top. Image taken from Jan Traas
(credits to John Doonan). Figure 1.1b shows a side view of the meristem.
Image taken by P. Huijser (MPI, Koeln).
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Figure 1.2: A scheme of a shoot apical meristem in side view.
Apical dome, leaf primordia tips and lateral buds are zones of continuous
divisions and internodes (marked as nodes) are the zones of cell elongation.
Note, that the vascular strands are created very early, just after primordium
initiation.
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The layers of cells within the SAM form two regions: an external, known as
the tunica, in many species subdivided into several layers (called L1, L2) and
an inner defined as a corpus (in species with and L1 and L2 referred to as L3),
figure 1.3. With respect to the surface, the cells within the tunica proliferate
mostly perpendicularly, whereas within the corpus, they divide mostly parallel
to it.

In Arabidopsis, the outermost layer L1, initiates the precursor cells of the epi-
dermis, the L2 or subepidermal layers initiates the ground tissues and germ
cells, while the L3 produces the vascular tissues and the inner portion of the

leaves and flowers.

Despite this stereotypic organization, this laminal structure is dynamic. Growth
creates a basipetal* displacement of the cells and, as a result their positions
within the layers are not rigid [Gifford and Corson, 1971]. The laminal organi-
sation of the meristem is maintained in the stem and lateral organs of the SAM
[Dermen, 1953, Stewart and Burk, 1970]. Moreover, the number of layers varies

between different types of plants [Barbier, 2005].

In addition, the SAM is divided into radial zones, characterised by specific
rates of proliferation and cytohistological properties [Gifford and Corson, 1971,
Steeves and Sussex, 1989].

At the tip of the SAM, within the central zone (CZ), cells are often relatively
large with pronounced vacuoles and divide with lower frequency than the neigh-
bouring cells [Kerstetter and Hake, 1997]. This zone produces cells that will
enter the differentiation process while maintaining itself.

On the sides of CZ the peripheral zone (PZ) which initiates the lateral organs
is discriminated. Within this zone the cells display higher rate of division, no

prominent vacuoles and are smaller than the ones being a part of the CZ.

Third, the rib zone (RZ) expands at the bottom of the SAM, where cells pro-
liferate fast and become a part of the stem tissues. The described zones are

presented in figure 1.3.

1.1.3 Main genes expressed during organ initiation
1.1.3.1 Maintenance of the meristematic stem cells

Genetic analysis has identified a range of genes involved in meristem func-
tion. Genes encoding transcription factors of the so-called KNOTTED-LIKE-
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Figure 1.3: Confocal laser-scanning micrography through an Arabidopsis inflo-
rescence SAM and its adjacent floral meristems (FMs).

The coloured domains depict the different cell layers: in Arabidopsis, the
tunica corresponds to two layers of cells, the epidermal (L1) and subepidermal
layers (L2), whereas the corpus corresponds to the internal layers (L3). The
two arrowheads point at an anticlinal cell division occurring in L2. The black
outlines represent the approximate boundaries between the different
meristematic zones: the peripheral zone (PZ) contributes cells to the
formation of lateral organs, the rib zone (RZ) contributes cells to stem growth
and the central zone (CZ) acts as a “factory” of cells for the PZ and RZ, but
also for its own replenishment with new cells. Although the cells of the PZ and
the CZ are histologically distinguishable, there is no sharp boundary between
each zone. The PZ and the CZ contain both tunica and corpus cells, whereas
the RZ is “buried” beneath them in the deeper layers of the corpus. Figure
taken from [Carles and Fletcher, 2003].
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HOMEBOX (KNOX)! family. They prevent the meristem cells from differen-
tiation [Heisler et al., 2005]. In Arabidopsis thaliana, a major homebox genes
regulating meristematic activity is SHOOTMERISTEMLESS (STM). If, due
to mutation, STM is not expressed, the plant fails to establish and maintain
the SAM showing that this gene is required for sustaining the indeterminate
character of the SAM stem cells [Barton and Poethig, 1993]. In many species
its local downregulation is required for the initiation of the primordia in course
of the plant embryogenesis [Long et al., 1996]. Indeed, STM is expressed in
whole SAM with exception of the primordia [Lenhard et al., 2002].

1.1.3.2 Regulation of the central zone

Mutants where the so-called CLAVATA (CLV) genes are inactivated, are char-
acterized by an enlarged SAM and the development of additional floral organs
[Clark, 1993]. These changes result from a higher number of cells caused by a
deficient transition of cells out of the central zone [Laufs, 1998]. The function of
the CLV is to negatively regulate the size of central zone limiting an expansion
of the undetermined meristematic cells of the SAM [Jeong et al., 1999].

In contrast to the CLV mutations, the SAM of the plants where the WUSCHEL
(WUS) gene is inactivated, is flat and terminates prematurely after forming of
a few organs [Laux et al., 1996]. Thus, WUS counterbalances the function
of CLV promoting the production of undifferentiated cells [Laux et al., 1996,
Mayer et al., 1998]. WUS also serves a complementary function with STM. WUS
determines the meristematic cell pool, while STM prevents the SAM cells from

undergoing differentiation [Carles and Fletcher, 2003].

1.1.3.3 CLV-WUS feedback loop

The coordination of the central zone controlled by CLV and WUS is a con-
tinuous antagonistic process. When the signaling of CLV is repressed, WUS
expression increases [Schoof et al., 2000]. Conversely, mutants showing overex-
pression of the WUS gene, have a clv-phenotype. An opposite pattern results, if
the CLV domain expands, repressing the WUS and producing a wus-like plant
[Brand, 2000]. Therefore, it was proposed that this feedback loop is required
to provide the equilibrium between the maintenance of the stem cells pool and
production of cells designated for building new organs. This feedback loop is

illustrated in figure 1.5.

1By convention, the names of the genes are noted in italics capital letters (e.g. STM), the
names of proteins in capital letters (e.g. STM) and names of the phenotypes of genetic plant
mutants in lower-case {e.g. stm).
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Jonsson and Heisler [2006] presented a series of computer simulations demon-
strating various properties of this feedback loop. Their simulations were based
on reaction-diffusion mechanism in which an activator induces WUS expression.
This model is able to organize the WUS expression domain, as observed in the
experiments. In addition, the model predicts the dynamical reorganization seen
in experiments where cells, including the WUS domain, are ablated with laser
beam. It also predicts the spatial expansion of the WUS domain resulting from
removal of the CLV signal.

1.1.3.4 Genes expressed during the initiation of primordia

The demarcation of boundaries between the SAM and primordium leads to de-
velopment of new organ identity and is controlled by CUP-SHAPED-COTYLEDON
(CUC): CUC1, CUC2, CUCS3 genes [Aida et al., 1997]. Though the mechanism

of boundary positioning is still not well understood, gene families both associ-
ated with adaxial, facing the main axis, patterning such as REVOLUTA (REV)
[Mcconnell et al., 2001, Otsuga et al., 2001, Emery et al., 2003] and abaxial,
facing away from the axis, arrangement as YABBY, KANADI were discovered
[Eshed et al., 2004, Kerstetter et al., 2001].

A mutation in PINOID (PID) encoding a protein kinase C-like protein, leads
to decreased auxin transport [Bennett et al., 1995, Christensen et al., 2000],
whereas the overexpression of PID gene leads to augmented growth consistent
with increased auxin transport [Christensen et al., 2000, Benjamins et al., 2001].
The spacial expression of these genes during the meristem development is pre-

sented in figure 1.4.

1.2 Phyllotaxis

1.2.1 Introduction to phyllotaxis

Observing spikes of a cactus (1.6A), scales of a pineapple fruit (1.6B) or seeds
within a sunflower head (1.6¢) leads to an impression of symmetry. This striking
regularity is due to the fact that during the growth of the plant organs emerge
at well defined positions, forming phyllotactic patterns (figure 1.7). These pat-
terns can be used to classify and distinguish plant species. During the study of
phyllotaxis patterns, certain quantitative measures were introduced [Schimper,
1830, Braun, 1831, 1835].
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Figure 1.4: The schematic of spacial expression of genes during inflorescent

meristem development.
Description in text, image taken from [Heisler et al., 2005].
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Figure 1.5: Stem cell regulation in the SAM via the CLV-WUS feedback loop.
CLV3 expression is restricted mainly to the L1 and L2 of the central zone,
whereas CLV1 mRNA can only be detected in the L3 of the central zone and
rib zone. WUS is expressed in few central cells of the rib zone. The
CLV-WUS feedback loop consists of a WUS mediated signal from the central
zone that specifies stem cell identity in the outermost layers, which signal back
via the CLV pathway to limit the size of the WUS-expressing CZ.Image taken
from [Carles and Fletcher, 2003].
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Figure 1.6: Examples of phyllotactic patterns.
The following figures shows spacial organisation of plant’s organs: 1.6A spikes
of a cactus Trichocereus huascha (Botanic garden, Montpellier), 1.6B scales of
a young pineapple (Botanic garden, Berlin) and 1.6C seeds within a sunflower
head (own cultivation, Montpellier). All these patterns show high level of or-
ganisation.
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Figure 1.7: Meristem as a source of phyllotaxis.
The organisation of primordia in meristem resembles the mature organs.

1.2.1.1 Divergence angle

One of the main concepts used to characterise phyllotactic patterns is the di-
vergence angle. It is defined as an angle between two organs that are formed
consecutively. For example considering an arrangement of leaves appearing al-
ternatively on opposite sides of a stem (figure 1.9¢). The divergence angle of

this pattern equals 180 degrees.

1.2.1.2 Parastichies

Another important parameter is derived from the concept of parastichies - imag-
inary lines connecting the centres of neighbouring organs. On the pinecone
illustrated on figure 1.8 we can observe, that its scales are organised in concen-
tric rows starting from its bottom 1.8B. For each scale we draw a line to the
rightmost and leftmost adjacent scales from the consecutive row. As a result,
clockwise and counter-clockwise spirals around the vertical axis of the pinecone
emerge 1.8¢, 1.8D. If we count these spirals, we obtain two numbers: i = 8 (for
clockwise ones) and j = 13 (for anti-clockwise ones). These numbers are used

to characterise this particular phyllotactic pattern.
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Figure 1.8: Phyllotactic pattern of a pine cone.

1.8A presents side view of a pine cone, whereas 1.8B shows the bottom view
of a pine cone. It can be observed that its scales are organised in concentric
rows starting from its bottom 1.8B. In figures 1.8¢, 1.8D spiral line are drawn
starting from the pine cone bottom. For each scale we draw a line to the
rightmost (1.8C) or leftmost (1.8D) adjacent scales from the consecutive row.
As a result, clockwise and counter-clockwise spirals around the vertical axis
of the pine cone emerge 1.8¢, 1.8D. If we count these spirals, we obtain two
numbers: ¢ = 8 (for clockwise ones) and j = 13 (for anti-clockwise ones). These
numbers are used to characterise this particular phyllotactic pattern.
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1.2.2 Types of Phyllotaxis

The series of divergence angle along a stem or parastichy numbers allow us
to classify systematically the phyllotactic patterns. Two groups of patterns
are usually distinguished: i) patterns where primordia appear one at a time
or i) patterns for which more then one primordium appears simultaneously
[Kuhlemeier, 2007].

The first group contains spiral patterns with one special case, alternate (dis-
tichous) pattern. The alternate pattern (figures 1.9¢, 1.9D) is characterised
by the consecutive organs’ emergence on opposite sides of the growing tip, and

therefore the divergence angle equals 180 degrees.

In spiral patterns (figures 1.9A, 1.9B) the divergence angles are constant dur-
ing the plant development. As a result, the organs are positioned on a helix.
This type of architecture corresponds to the most common leaf arrangement in

nature.

The stunning phenomenon is that in many spiral patterns the number of paras-
tichies 4, j are two consecutive Fibonacci numbers (1, 1, 2, 3, 5, 8, 13, 21, ...)2.
Even more intriguing is the fact that for such patterns, the divergence angle is
close to the Golden Angle (about 137.5 degrees). This frequent arrangement is
called Fibonacci phyllotaxis.

If more primordia emerge simultaneously at a node, a whorled phyllotaxis can
be observed. A whorl is a structure, in which all the organs are attached at the

same node and evenly distributed around the stem.

Let us denote a an angle between each consecutive organ in a whorl. In opposite
(decussate, 2-whorl) pattern the successive layers of whorls with two organs are
established. For this pattern a equals 180 degrees . Following whorls are rotated
by an angle of 90 degrees, /2 (figures 1.9D, 1.9E).

When three primordia develop at one time, a tricussate (3-whorl) phyllotaxis is
formed. In such an arrangement of organs, an angle of whorls rotation between
consecutive nodes equals 60 degrees. In general, in k-whorl the angle « equals
360/k and the angle between consecutive whorls bisects the « angle and thus
equals 360/2k.

A more complicated phyllotaxis corresponds to multijugate patterns. A spiral
is composed of k-whorls, and the rotation angle of the next emerging layer of
whorls is constant as in spiral pattern (therefore each k-whorl pattern is a special

cases of multijugate pattern where the rotation angle equals 360/2k). In this

2Figure 1.10 contains a selection of mathematical properties of Fibonacci numbers.
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Figure 1.9: Basic phyllotactic patterns.
Figures 1.9, 1.98 show spiral phyllotaxis.Figures 1.9¢, 1.9D show decussate
phyllotaxis (between the leaves). Figures 1.9g, 1.9F show 2-whorl phyllotaxis
(between the stained leaves).
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Figure 1.10: The golden section is a line segment sectioned into two according
to the golden ratio.

The total length a + b is to the longer segment a as a is to the shorter segment
by afb — g

a b
In mathematics, the Fibonacci numbers are a sequence of numbers named after
Leonardo of Pisa, known as Fibonacci [Fibonacci and Sigler, 2002]. The first
number of the sequence is 0, the second number is 1, and each subsequent
number is equal to the sum of the previous two numbers of the sequence itself,
yielding the sequence 0, 1, 1, 2, 3, 5, 8, etc. In mathematical terms, it is defined
by the following recurrence relation:

0 ifn=0
Fooi+F, 2 ifn>1

Like every sequence defined by linear recurrence, the Fibonacci numbers have a
closed-form solution:

" = (1— )"
NG

where ¢ = (1+ V/5) /2 = 1.61803 and is called Golden ratio [Carr et al., 2008].

/
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Figure 1.11: Review of phyllotaxis patterns.
Description in the text. For each pattern the name, divergence angle (#) and
jugacy (j) are given. For spiral patterns, numbers of opposed parastichies are
given in parenthesis. Figure taken from [Smith et al., 2006b].

type of organ arrangement, if within one whorl two organs are established it is

called bijugate, when three, it is referred to as trijugate.

The collection of different phyllotactic patterns is presented in figure 1.11 [Smith
et al., 2006b]. It is important to note that the phyllotactic pattern may change
during the growth of the plant either due endogenous or exogenous factors.

1.2.3 Phyllotaxis as the result of the inhibition of mor-
phogens

In 1868 The German botanist Wilhelm Hofmeister proposed a rule describing

the formation of a new primordium:

“FEs ist eine durchgreifende Erfahrung, dass neue Blatter (oder
Seitenachsen) an denjenigen Orten tiber den Umfang des im Zu-

stande des Vegetationspunktes befindlichen Stingelendes (oder Stin-
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Ancient Egyptians were the source of Greek science, and as skilled observers probably knew about
numbers and patterns in plants and the number ¢t (look below).

370-285 BC Theophrastus wrote Enquiry into Plants which mentions leaves in regular series.
23-79 AD Pliny wrote Natural History which includes more detailed descriptions of plant patterns
as a way of categorizing plants.

1202 Leonardo Fibonacci obtained the Fibonacci sequence as a solution to the problem of monthly
population growth of rabbits. This sequence relates to ¢t by the formula lim, o (Fp4+1/F,) = t.
1452-1519 Leonardo Da Vinci anticipated, in one of notebooks, the observation of spiral patterns
in plants such as those made by Bonnet.

1571-1630 Johannes Kepler was fascinated by the number five and incorrectly concluded that the
Fibonacci sequence propagated itself as the seeding capacity of plants, but did correctly surmise
the intrinsic involvement of the sequence in plant growth.

1754 Charles Bonnet in his Recherches sur ’Usage des Feuilles dans les Plantes mentions the
different phyllotactic arrangements of leaves, the genetic spiral, and one family of parastichies. He
initiated observational phyllotaxis.

1830 Schimper introduced the concepts of the genetic spiral, the divergence angle, and the paras-
tichy. He defined the divergence angle as a fraction by dividing the spiral arrangement into cycles
and setting d = times around the stem per cycle/leaves per cycle.

1831, 1835 Alexander Braun observed conspicuous parastichies on pine cones, noting that the
number of left and right parastichies were generally consecutive Fibonacci numbers.

1837 Auguste and Louis Bravais used a point lattice on a cylinder to represent leaf distribution,
found the number of genetic spirals to be equal to the greatest common divisor of the numbers of
secondary spirals, and defined the divergence angle as an irrational number related to the sequence
from which the numbers of secondary spirals came.

1848 Lestiboudois found a connection between phyllotactic patterns and the phenomena of branch-
ing and ramification.

1868 Hofmeister proposed that new promordia form periodically at the apex boundary in the largest
gap left by the preceding primordia.

1872 P. G. Tait rewrote and interpreted the Bravais brothers’ results concerning the divergence
angle and parastichy pair.

1873 Airy explained the arrangement of leaf primordia in a bud in terms of economy of space.
1875 Weisner theorized that the divergence between leaves evolved by natural selection as a way
to maximize leaf exposure to light.

1878 Simon Schwendener described conspicuous opposed parastichy pairs, observed the changes in
divergence angle and the ratio of internode distance to stem girth as the plant growth leads to higher
phyllotaxes, and explained (incorrectly) that leaf arrangements are the result of contact pressure
between primordia.

1882 Julius Sachs rejected the mathematical theory of phyllotaxis, seeing no significance in the
continuous fractions for divergence angles.

1904 Church proposed an explanation for the phenomena of transitions between phyllotactic pat-
terns, and that parastichies are lines of force. He rejected the genetic spiral and the cylinder model
in favor of parastichies and a centric representation.

1907 van Iterson constructed a model of leaf primordia around a cylinder which assumed close
packing.

1913 Schoute concluded that the dominance of the Fibonacci sequence over parastichy numbers was
still unexplained and that Schwendener’s work headed to the solution. He explained the placement
of new primordia as a reaction to chemical inhibitors released by primordia to keep others from
growing too close.

1917 D’Arcy Thompson proclaimed that there was no reason to prefer any one parastichy or family
of parastichies and transformed the whole subject into speculation by concluding that there was an
irreducible subjectivity to it.

1931 Mary and Robert Snow concluded from studying the effects of isolating leaf primordia that
the positioning of new primordia is affected by adjacent, preexisting primordia.

1948, 1951 Richards introduced the idea of the plastochrone ratio and developed a system of
equations to mathematically describe a centric representation using three parameters: plastochrone
ratio, divergence angle, and the angle of the cone tangential to the apex in the area being considered.
1950 Plantefol concentrated on one family of spirals (foliar helices) and their biological reality
without any mathematics.

1974 Adler wrote out the Fundamental Theorem of Phyllotaxis.

1983 Erickson rediscovered and extended van Iterson’s analysis.

1984 Roger Jean reworked the Fundamental Theorem of Phyllotaxis.

1991 Levitov found and explained phyllotactic patterns in a flux lattice of a superconductor as a
way of minimizing energy in the system.

1992 Douady and Couder found that drops of ferrofluid placed periodically in the centre of a dish
produced phyllotactic patterns.

Table 1.1: The history of the study of phyllotaxy. Green text updated by yours
truly. Taken from http://maven.smith.edu/"phyllo/
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Figure 1.12: Set-up and results of the experiment described by Douady and
Couder [1996b].

Image shows ferrofluid droplets on a dish filled with silicon oil. The droplets
form regular, spiral patterns often found in the analysis of phyllotactic pat-
terns. Imaginary spirals are marked with continuous (anticlockwise) or dashed
(clockwise) lines. Image taken from [Douady and Couder, 1996b].

gelgiirtels) hervortreten, welche am weitesten von den Seitenrandern
der Basen der ndchst benachbarten, bereits vorhandenen Bldtter ent-
fernt sind” (Hofmeister 1868, pp. 482-483). 3

This description led to a theory proposing that each new primordium develops
on the tip of the growing stem at the spot that is the furthest with respect to all
the older primordia. As the tip continues to grow from its centre, the primordia

are pushed outwards leaving the space for new ones.

This hypothesis is one of the earliest attempts to model meristematic develop-
ment. Together with the observation that the primordia usually appear in con-
stant time intervals called plastochrones, it is possible to predict the phyllotactic
pattern resulting from given parameters (like meristem growth description and

plastochrone).

If the period between primordia formation is small, many primordia will be
placed near to the apex. Whereas if the period is large, only few primordia will
be closely localised to the centre zone. In particular, if the period is very large,
only one primordium happens to be near to the apical ring, so that the new
primordium will be formed on the side opposite to the previous primordium,

just as in alternate phyllotaxis.

In 1992 physicists Stephane Douady and Yves Couder performed an experi-
ment which basics resembled the system described by Hofmeister [Douady and

Couder, 1992]. They let droplets of a ferromagnetic liquid fall into a dish that

31t is a common experience that new leaves (or axillary buds) emerge at those places in
the circumference of the vegetative apex that are situated at the end of a stem (or at a node).
These points are removed furthest from the margins of the bases of the next-adjoining leaves,
already present on the apex [Kirchoff, 2003].
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was filled with silicone oil and placed in a vertical magnetic field. This field
had a weak radial gradient: it was minimal at the centre and maximal at the
periphery. Thus, magnetic forces pushed the droplets towards the edge of the

dish but made them repel one another.

When the droplets were added slowly, each one would move toward the side of
the dish, directly opposite to the previously added drop. When added faster,
the two most recently added droplets would both repel the new one. Instead
of shifting to one side or the other, the new droplet would move in a third
direction. For a certain experiment configuration (i.e. magnetic field strength,
droplet mass, droplet frequency, etc.), a series of consecutive droplets formed a
spiral pattern, with an almost constant divergence angle (figure 1.12).

The authors created a computer model allowing them to test varied configu-
rations of such a system. The primordia in the model were represented by
particles. Each particle produced a repulsive potential and the new particle
appeared on a circle where the potential was at its absolute minimum. Their
experiments together with the computer model indicated that the system based
on the inhibitory field idea is consistent with the Hofmeister’s hypotheses and

is able to generate a whole range of phyllotactic patterns.

The limiting factor of inhibitory based model is the stability of whorled patterns.
Douady and Couder [1996a] showed that these patterns are less stable then the
spiral ones. However, in the world of plants, whorled patterns are observed
frequently [Jean, 1994]. This discrepancy was investigated further by Smith
et al. [2006b]. These authors proposed a modified concept of inhibition, where

the strength of inhibition should also depend on time.

In the simulations which Smith et al. [2006b] performed, the primordium inhibi-
tion is inversely proportional to its distance from a given position and decreases
exponentially with its age. Similar to the single inhibition system studied by
Douady and Couder [1996a], at positions where the sum of the inhibitory effects
exerted by the primordia falls below a predefined threshold, a new primordium
arises. The model reproduces distichous and spiral patterns in a robust manner.
The authors report that the introduction of a second inhibitory function that
is similar to the first, except that it decreases rapidly over time, makes it possi-
ble to simulate decussate and whorled systems with high stability. Variation in
the inhibition strength also allows for phyllotactic transitions, as in the original
model of Douady and Couder [1996a]. Thus, the presence of temporal depen-
dence of inhibition, makes it possible to reproduce all the important aspects of

phyllotactic patterning.
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To explain phyllotaxis also other concepts were proposed. In the context of
this thesis particularly important is a model of mechanical buckling proposed
by Green [1985]. Buckling involves two layers of cells at the tip of a plant: the
rib zone (corpus), and the tunica (L1 and L2 layers). Green suggested that the
tunica, as it grows faster than the corpus, buckles. Using stress analysis incising
of growing heads of sunflower, Dumais and Steele [2000] gave some supporting
evidence for buckling. The model based on buckling is capable of generating
phyllotactic patterns and can explain transitions between patterns and the dif-
ferent primordia shapes that occur in plants [Green, 1985]. Surprisingly, the
primordia initiation appears to be robust after meristem tissues are disrupted
by laser treatments that presumably changes stress patterns to a high degree,

which is incompatible with the model.

Turing [1952] proposed a system of equations describing a relation between
two morphogens and leading to a patterning process. He called this system
reaction-diffusion model. Referring back to the work of Turing [1952], Koch
and Meinhardt [1994] introduced a reaction-diffusion version of the inhibitor
model by incorporating an activator molecule as well as an inhibitor, allowing a
continuous dynamical model. Reaction-diffusion involves chemical reaction and
diffusion of a mixture of chemicals which, under certain conditions, result in
non-homogeneous spatial concentrations of the different chemicals, and hence
patterns. A long ranging inhibitor is responsible for the pattern in space and a
second inhibitor poises once formed activator maxima, causing their breakdown.
After a certain period they reappear at a displaced position. These models ex-
hibit robust and dynamic pattern generation, including the initiation of new
concentration peaks corresponding to primordia, however the exact molecular
mechanism behind these models remains unknown and therefore, they are con-

sidered as highly speculative.

Most, phyllotactic models are in some way guided by the concept of inhibition
(e.g. realized by magnetic field in case the experiment performed by Douady
and Couder [1996a]). Schoute [1922] first proposed the idea of lateral inhibition
based on a diffusible chemical agent produced by each developing primordium

that inhibits the initiation of neighbouring primordia.

A complementary idea of inhibitory field is based on the depletion of an or-
gan initiation factor and was proposed by Chapman and Perry [1987]. Recent
findings provide a considerable support for such a scenario. It has been shown
recently, that the high concentration of plant hormone auxin is an essential ac-
tivator for primordium formation [Reinhardt et al., 2000a]. Reinhardt et al.
[2003] suggested, that new organs deplete auxin, therefore the concentration

gradient of auxin mimics the abstract inhibitory fields.
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Figure 1.13: The indole-3-acetic acid (IAA) structure. It has the greatest im-
portance among all native auxins.

1.3 Auxin

Auxins are plant hormones that play an essential role in the coordination of
many growth and behavioural processes in the plant life cycle. The highest
concentrations are found in young growing plant organs [Ljung et al., 2001,
2005]. Indole-3-acetic acid (IAA) is the most abundant auxin (figure 1.13).

1.3.1 Functions of auxin

TAA acts on entire plant inducing cell divisions and differentiation of cells and it
contributes as well to a multitude of tissue-specific responses. It is fundamental
for the embryonal axis development through directional distribution, leading to
an arrangement and growth of primary poles and primordia of future organs
[Friml, 2003].

The concentration of auxin and the type of tissue where it acts can lead to
different responses [Cholodny, 1927, Thimann, 1948, 1977, Weyers et al., 1995].
For example, the same quantity of auxin may promote cell elongation in shoot,
but inhibit it in root, due to dose dependent auxin-responses. At low concentra-
tion ranges, both in shoots as in roots, increasing auxin concentration causes an
increase in growth, whereas, after an optimum is reached, any further increase
of auxin concentration leads to decrease in growth. Due to higher sensitivity of
root tissues, as compared to shoot tissues, physiological auxin doses appear to

promote cell elongation in stem while inhibiting it in roots [Thimann, 1948].

Asymmetric distribution of auxin contributes to biological mechanisms known
as tropisms understood as growth or turning and bending movement of plant
or its organs, as a response to an environmental stimulus [Friml et al., 2002]. It
participates in directional growth of organs e.g. towards light (phototropism),

water (hydrotropism), in response to gravity (gravitropism). Auxin plays an
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Figure 1.14: Factors that influence the steady-state levels of free IAA in plant
cells.

Biosynthesis by the tryptophan-dependent and tryptophan-independent path-
ways can lead only to an increase in the concentration of free IAA. Degradation
(either by nondecarboxylative oxidation or by decarboxylation) leads only to a
decrease in TAA concentration, while conjugation is reversible and can therefore
lead to either an increase or a decrease. Both transport and compartmentation
can cause either an increase or a decrease in the cytosolic IAA concentration, de-
pending on the direction of hormone movement. Image taken from [Normanly,
1997].
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essential role in growth of lateral roots [Reed et al., 1998, Casimiro et al., 2001,
Bhalerao et al., 2002, Lucas et al., 2008] and in process of phyllotaxis [Reinhardt
et al., 2000b, Stieger et al., 2002, Reinhardt et al., 2003] described in detail in
1.4.

In mature regions of the plant TAA stays at equilibrium controlled by process
of biosynthesis, conjugation, degradation and transport. In roots, leaves and
cotyledons the levels of TAA can be elevated on two biochemical pathways:
tryptophan-dependent and tryptophan-independent biosynthesis [Bartel, 1997,
Woodward and Bartel, 2005]. Within the cell it can be stored in two forms as
indole-3-butyric acid (IBA) or as TAA conjugated with sugars or with aminoacids
and peptides. The main factors regulating auxins in the plants are presented in
the figure 1.14.

1.3.2 General patterns of auxin distribution/transport path-

ways

Comparing different plant tissues, a continuous uneven pattern of auxin distri-
bution can be found as shown in the figure 1.15. Firstly, it can be noticed that
the basipetal* auxin gradient is decreasing from the growing tip to the base.
TAA levels are high in the stalks. The developing leaves show higher TAA con-
centrations than the expanded leaves. The auxin levels increase from the leaf
centre to its margins [Miiller et al., 2002]. The meristematic growth zones are
situated at the sites of higher TAA concentrations [Ljung et al., 2001].

The findings concerning the differentiated distribution of auxin together with
the data demonstrating its circulation within a plant [Lomax et al., 1995] led
to a development of a dynamic model of its transport. It is suggested that
the auxin flow starts at young organs such as primordia and developing leaves
[Ljung et al., 2001]. Further, TAA is distributed within the epidermis to the SAM
and basipetally transported by phloem in the direction of the root. On its way
auxin inhibits the growth of new lateral buds in the stem (apical dominance) and
within the root it influences the development of lateral root primordia [Thimann
and Skoog, 1934, Celenza et al., 1995, Lucas et al., 2008].

1.3.3 Chemiosmotic model of auxin transport

The chemiosmotic model of auxin transport was formulated by Rubery and
Sheldrake [1974]. It states that the auxin can be transported between plant
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Figure 1.15: Organ-distribution map for indole-3-acetic acid.
The distribution of IAA levels in the whole Arabidopsis thaliana plant is colour-
coded in the drawing. The same colour code applies to the bar diagram which
gives the mean values with standard deviation for the individual plant parts of
the main inflorescence stalk and the rosette. Figure taken from [Miiller et al.,
2002].
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Figure 1.16: Schematic of chemosmotic model of auxin transport, based on the
general description presented by Rubery and Sheldrake [1974].

Red rectangles depict efflux carriers with polar location within the cell. Green
shapes depict auxin influx carriers together with the symoporters, uniformly
located in the cell. Dotted arrows depict dominant direction of lipophylic diffu-
sion. Description in text. Figure drawn by Tristan Bitard Feildel.

cells in a passive and active way*. The passive transport results from a diffusion
process * while active transport requires the mediation of special proteins, placed

in the plasma membrane, called efflux/influx carriers.

The auxin is a weak acid and can be found in the plant both in the undis-
sociated (AH) and ionised (A~) form. In the cell walls (apoplast) the pH is
approximately 5.5 showing more acidic character than inside the cell (pH 7.0).
The higher concentration of H™ in the apoplast* leads to a shift of equilibrium
towards the AH form. Thus, outside the cell the concentration of undissociated
auxin is much higher then inside of the cell®.

Facilitated by the auxin concentration gradient, the undissociated acid molecules
enter the cell membrane by lipophilic diffusion [Titapiwatanakun and Murphy,
2008]. The auxin anions in the wall compartment are also mediated actively
into the cell by the symporters*. In the more basic cytoplasm the undissociated
auxin changes into A~. Since the cell membrane is less permeable for the A~
than for the AH, auxin anions accumulate within the cell. The efflux of the
anions from the cytoplasm to the apoplast is mediated by the active transport

carriers. This process is summarized in figure 1.16.

It is important to note, that due to low AH/A™ ratio in the cytoplasm, the

active transport factors are more important then the passive ones for creating

4 Another possibility for a cell to transport auxin, is through microscopic channels connect-
ing the adjacent cells, called plasmodesmata. The data concerning the importance of auxin
transport by plasmodesmata are currently not available.

5The AH/A™ ratio in the wall compartment is ~ 1/5, whereas in the cell auxin is present
almost only in A~ form [Titapiwatanakun and Murphy, 2008].
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differences in spacial distribution of auxin [Kramer and Bennett, 2006, Kramer
et al., 2007].

1.3.3.1 Efflux carriers PIN, PGP1/19

The most studied efflux carriers is the PIN-FORMED (PIN) family transporting
auxin according to the electrochemical gradient [Blakeslee et al., 2005]. It is
assumed that the PINs are a part of an auxin transporters complex together with
P-GLYCOPROTEINS (PGP1) and PGP19 proteins, members of MULTIDRUG
RESISTANCE P-GLYCOPROTEIN (MDR/PGP) family [Vieten et al., 2007].
Within the root both the locations of PIN PGP1 and PGP19 proteins are polar.
In the plant stems PINs are mostly distributed as well in a polar way, whereas
PGPs are oriented apolarly all around the cell membrane [Petrasek et al., 2006,
Bandyopadhyay et al., 2007, Vieten et al., 2007].

For proper PIN1 location at the membrane in a polar or apolar way, PINOID
(PID) proteins and of MODULATOR-OF-PIN (MOP) acting on post-transcriptional
factors are required [Vieten et al., 2007]. Other considered mechanisms control-
ling the PIN distribution include the direct influence of auxin [Muday et al.,
2003]. It was observed that in the absence of auxin, PIN1 undergoes endocyto-
sis*. If auxin enters the cell, the endocytosis is reduced with help of calossin-like
protein, renamed BIG, due to its enormous (560 kDa) size [Gil et al., 2001]. Its
exact function is still no known [Paciorek et al., 2005].

1.3.3.2 Influx carriers AUX/LAX, PGP4

AUX1 and LIKE-AUX (LAX) proteins mediate the active TAA™ influx into the
cells against TAA concentration gradients [Kramer, 2004, Swarup et al., 2004,
Vieten et al., 2007]. Studies concentrating on AUX1 proteins reveal that the
localisation of these transporters depends on the tissue type [Bandyopadhyay
et al., 2007]. Within the root cap it can be polar and apolar, but in the epidermis
of the distal growth zone of the root only apolar carrier distribution is found.
The exact activity and function of LAX proteins is not yet fully understood
[Kleine-Vehn et al., 2006, Reinhardt et al., 2003].

Another identified carrier of auxin active influx is P-GGLYCO-PROTEIN4
(PGP4), a member of MDR/PGP family [Geisler and Murphy, 2006]. The
highest level of expression can be found in the root, although diverse PGP4
distribution patterns can be found in different root tissues. In the root cap its
expression is apolar, however in the basal part of the growth zone and in the

cells of epidermis PGP4 has polar location [Geisler and Murphy, 2006].
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Figure 1.17: Cell and wall compartment model.
Description in the text. Neighbours of cell compartment ¢ are cells j, k, which
is denoted as N; = {j,k}. Neighbours of wall compartment ¢,; are wall com-
partments j,k and ¢, %k, which is denoted as N;; = {(j, k), (¢,k)}. Magenta
line depicts the contact surface between cell compartment ¢ and wall compart-
ment ¢,k denoted as .S; ;. Green line depicts the contact surface between wall
compartment 4, k and wall compartment j, k denoted as S(; ), k)-

1.3.3.3 Chemiosmotic model formalization

The chemiosmotic model of auxin transport is described in 1.3.3. Based on
this description it is possible to formulate a system of equations describing the
auxin transport. The system describes an active and passive transport across
membranes and diffusion within the cell walls. This model is derived from
concepts proposed by Goldsmith et al. [1981] and Mitchison [1981], revised by
Jonsson et al. [2006].

To describe the auxin transport in a tissue certain simplifications are needed.
Firstly, the cytosol is assumed to be a single compartment, thus spatial vari-
ations of auxin within the cell is neglected. As suggested by several authors
[Jonsson et al., 2006, Kramer et al., 2007], a subcompartization is not very im-
portant assuming the average cell sizes in the meristem and the auxin diffusion
constant. Also, each part of the wall, being in contact with cells i and n is

assumed to be a single compartment (figure 1.17).

In the equations, a; denotes the auxin concentration in the cell i, and a;
denotes the auxin concentration in wall compartment between cell ¢« and n, V;
stands for a volume of cell ¢, V; ,, signifies volume of wall compartment i, n, S; ,,
is the area of interface of cell i with wall compartment in, S(; ) (x,;) denotes the

area of interface between wall compartment ¢, n and wall compartment k,l. The
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set of cell neighbours of cell i is denoted as N; and the set of wall neighbours
of wall i,n is described as N;,, (figure 1.17). Therefore, the auxin variation in
cells and walls can be formalized:

Oa; Sin
5 = Z v Jim(im) (1.1)
neN; ¢

»J

da; S, Sji S, 00
o T (Vl ~Ji(ig) + ‘/fZ_Jjw,j)) + Y Dw% (er = cij)
1,] [ (k,l)ENi,j 2¥)

(1.2)

Where D,, describes the diffusion constant of auxin in the cell wall and J;_,; n)
is the net unitary flux from cell ¢ to wall compartment i,n. For means of
simplification, it is assumed that the diffusion of both form of auxin in the walls

is similar.

As it was described in 1.3.3, AH can much easier penetrate the membrane
passively then A~ (see [Kramer et al., 2007]), therefore the passive flux is ap-
proximated assuming the lipophylic diffusion of AH form only. As a result, the
anions A~ move between cell and wall compartment only by active transport

influx and efflux carriers.

The reaction AH = A~ + H is faster then the transport itself, thus in the equa-
tions the pH dependent equilibrium fractions are used [Kramer, 2004, Kramer
and Bennett, 2006, Kramer et al., 2007]. The pH is different for cytoplasm and
for walls, therefore the proportions of different forms of auxin vary in the wall
compartment and in the cell (as described in 1.3.3). The concentration of A~
in the wall 7,5 or in the cell i are called respectively by a#*; and af* ; The

i,j
concentration of AH in the wall 4,j or in the cell ¢ as respectively af}f[

aHS,

and

The J;_(;,n) can be denoted as J;_.(;n) = Lin)—i — Eio(in), where I )
stands for influx from wall compartment i, n to cell i and E;_,(; ,,) means the ef-
flux from cell 7 to wall compartment i, n. According to chemosmotic model, both

efflux and influx have passive and active part. Unitary passive efflux from cell
AH

i to wall compartment i, j is equal to D,,a;"*, and influx in opposite direction

Dmaf}fl , where D,, is membrane permeability for AH particles. The unitary
active efflux and influx depend on the active transporters and is described re-
spectively as Eiﬂ(iﬁn) and f(i’n)ﬁi. Therefore, in the general form J;_,(; ,,) can

be denoted as:

6The concentrations of the different auxin forms in cell 4 in steady state can be estimated
using the equations: a;‘r] 10PH = Ky ([ai} — [a‘.‘fD and [a;] — [a ] 10PH = K4 [afH],

2 7

where pH describes the pH in cell compartment and K is auxin dissociation constant.
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1.3.3.4 Simplified chemiosmotic auxin model for meristem

The general model proposed in 1.3.3.3 depends mostly on the fluxes generated
by active transport (Iv(i,n)_)i and Ei_,(im)). PIN and PGP1/PGP19 protein
families are the most important auxin efflux carriers (see 1.3.3). PIN family
members are distributed polarly in the meristem, whereas PGP1/PGP19 are

distributed uniformly.

As mentioned before, an auxin transport mutant pin (i.e mutant not expressing
PIN carrier family members) presents several developmental changes concerning
auxin dependent processes (e.g. phyllotaxis). It suggests an important role of

this protein type in auxin transport.

In the case of influx carriers (AUX, LAX, PGP4) all carriers have fairly uniform
distribution. The auz plant mutant (not expressing AUX) has only minor prob-
lems with auxin dependent processes (e.g. it develops organs not in the regular

spiral patterns).

These observations were raised as arguments to simplify the auxin transport
model in the meristem (figure 1.18) Barbier de Reuille et al. [2006], Jonsson et al.
[2006], Smith et al. [2006¢c]. Due to symmetric distribution of influx carriers,
the wall compartments are omitted in the simulation and the auxin intake is
approximated by the diffusion between cell compartments. The active efflux
transport (realized by PIN molecules distributed in a polar way) is simulated as
a direct flux of auxin from cell to cell with omission of the wall compartment. It
was reported that the simplified model have qualitative properties similar to the
one explicitly simulating the chemiosmotic model [Heisler et al., 2006, Jonsson
et al., 2006]. In this thesis a similar simplification scheme was adopted.

1.3.4 Molecular basis of auxin signaling
1.3.4.1 ARF/TIR proteins

Once auxin enters the cell a cascade of rapid gene transcription follows [Ul-
masov et al., 1997, Guilfoyle et al., 1998, Okushima et al., 2007]. The expres-
sion of auxin sensitive genes is regulated by antagonistically acting transcrip-

tion factors, the Auxin Response Factors (ARF) and Auxin/Indole-acetic acid
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Figure 1.18: The schematic of auxin transport model in the tissue.

The chemosmotic model of auxin transport proposes that the influx carriers
(violet arrows), efflux carriers (green arrows), and the diffusion in the apoplast
(orange arrows) are the most important for auxin transport in the SAM (1.184).
The biological data suggest also that the influx carriers are evenly distributed in
SAM tissue, therefore this schematic may be simplified. In the reduced model,
the inter-cellular spaces might be omitted (1.18B). Figure drawn by Tristan
Bitard Feildel.

B

(Aux/TAA) genes”. When the intracellular concentration of auxin is high, ARFs
bind to a promoter sequence Auxin Response Element (ARE) and the expression
of auxin sensitive genes is induced. If the auxin concentration is low, Aux/IAA
proteins associate with the ARFs making the gene induction impossible. At
high intracellular auxin levels, the hormone will interact with the Transport
Inhibitor Response 1 protein (TIR1)8. This protein is part of a complex that,
when activated by auxin, will target the Aux/TAA factors to the proteosomes by
poly-ubiquitination [Guilfoyle, 2007]. Genes activated by ARF are important
in regulation many processes, such as the cell-cycle and cell-wall remodelling
[Delker et al., 2008].

1.3.5 Specific patterns of influx/efflux carriers in the SAM

In the SAM as well as in other already described plant tissues, active auxin
carriers are found. In the L1 layer of the meristem epidermis and vascular
bundle underneath the growing primordia both AUX1 and PIN1 are expressed
at increased levels (look at figure 1.21). AUX1 shows mainly apolar distribution
in the SAM cells, however meristem imaging studies reveal higher concentration

"The abbreviation Aux/IAA should not be confused with AUX transport proteins.
8an element of SCF TIR1- protein ubiquitin ligase complex.
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Figure 1.19: Auxin signalling pathways.

ARFs activators bind to auxin-response elements in promoters of auxin-response
genes. When auxin concentration is low, Aux/TAA repressors associates with
the ARF activators and represses gene expression. When auxin concentration
increases, auxin binds to TIR1 receptor in the SCF[TIR1] complex, leading to
recruitment of Aux/IAA in the SCF[TIR1] complex. Once recruited, Aux/IAA
are targeted for proteasomic* destruction. The subsequently liberated ARFs
then activate transcription. Image taken from Guilfoyle and Hagen [2007].
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Wild-type |

Figure 1.20: Wild-type Arabidopsis thaliana and the AXR2-1 mutant.
AXR2-1 is a dominant gain-of-function mutation in an Auz/IAA gene that
confers reduced auxin response. The mutant AXR2-1 protein constitutively
represses auxin response because it cannot be targeted for proteolysis by the
SCFTIR1 ubiquitin ligase. Image taken from Gray [2004].
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Figure 1.21: Patterns of PIN distribution in SAM of Arabidopsis.
PIN signal is marked with green colour. The centre of the meristem is encircled
with blue line, primordia are marked with consecutive numbers prefixed by “P”.
Description in text. The image was taken by Marianne Schaedel, ENS Lyon.

of AUX1 molecules at the bottom of the L1 layer (look at green arrows in figure
1.22A). PIN1 at the membrane of L1 cells points in the direction of the closest
primordium or the meristem centre. Inside young organs PIN1 proteins are
located basipetally (figure 1.22).

These pieces of information lead to a map of auxin flux in the SAM (look at
figure 1.23). According to this map, auxin is actively transported acropetally
into the meristem through L1 layer. When expression of a new organ begins,
auxin flows from the neighbouring cells and as well from those situated at the
periphery into the developing primordium. This is followed by the activation
of auxin transport in the inner tissues, where auxin seems be transported away

from the primordium.

As mentioned before, a variant of the inhibitory field concept, based on compe-
tition or depletion of a organ-promoting factor was proposed by Chapman and
Perry [1987]. Recent findings suggest the plausibility of this depletion scenario.
It has been shown that the suppression of auxin transport leads to a pin-formed
phenotype characterised by a lack of primordium development. This phenotype
develops into normal plant when auxin is applied, which results in primordium
generation (figure 1.24) [Reinhardt et al., 2000a]. This suggests that localised

auxin is necessary for the development of primordia.

Reinhardt et al. [2003] proposed a model of phyllotaxis, where the auxin is a pri-

mordium activator that is depleted from regions surrounding the primordia via
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Figure 1.22: Auxin transport in the SAM.

Figure 1.22A shows auxin transport in the epidermal L1 layer of the shoot
meristem. L1 cells express the presumptive auxin influx carrier AUX1, leading
to the accumulation of auxin in L1 (green arrows). PIN1 is also expressed in
the L1 layer, where it is localised to the upper side of the cells (light blue).
This results in the acropetal* transport of auxin towards the meristem centre
(blue arrows). Inset: the depicted area in the context of the apex. Figure 1.22B
shows PIN distribution around the primordia. PIN1 expression is induced in
young primordia. It becomes localised to the side of the cells that points to the
centre of the primordium (light blue). This results in auxin withdrawal from the
surrounding cells (blue arrows). The resulting auxin flux (red) confers positional
information to the cells allowing them to establish organ and boundary identity.
Inset: Location of the P1 position in the context of the apex. Figures taken
from [Reinhardt et al., 2005].
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Figure 1.23: The schematic of auxin fluxes in the SAM during its development.

The fluxes are derived by observing the organised reorientation of PIN pro-
teins. Figures show a schematic representation of an apex in longitudinal section
through P1 and I1 at different stages of incipient primordium formation. Polar
auxin flux is indicated with red arrows. Figure 1.23A shows acropetal auxin
flux, as observed in pin mutant or plants with inhibited auxin transport (e.g.
NPA). If the young primordium is present, acropetal auxin flux is still observed,
however the PIN pumps in L1 are directed to this primordium in its closest
neighbourhood. Also the vascular strand is starting to form in L3 below the
primordium (figure 1.23B). After a certain time, due to the meristem growth,
P1 is moving away from the meristem centre, and the reversal of PIN from the
primordium towards the meristem summit is observed (figure 1.23¢). Further
outgrowth, leads to the configuration which prevents the auxin to accumulate
on the left flank of the meristem, while it can reach the right flank (I1). The
accumulation of auxin at I1 promotes primordium formation, and establishment
of a new primordium, which attracts fluxes from L1 and redirects them to L3
(figure 1.23D).
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Figure 1.24: The PIN1 mutant and its reaction for external application of auxin.

Figure 1.24A shows wild type Arabidopsis phenotype, while 1.24B shows pinl
mutant. Figure 1.24¢ SAM of the mutant phenotype, and figure 1.24D shows
primordium initiation triggered by the application of external auxin. Images
taken from [Reinhardt et al., 2000a, Vernoux et al., 2000, Reinhardt et al.,
2003].
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Figure 1.25: Auxin transport-based models of phyllotaxis.

Images taken from [J6nsson et al., 2006, Smith et al., 2006¢c, Barbier, 2005]
respectively.

PIN1-dependent auxin transport. As a result, the auxin concentration maxima,
required for primordium initiation, appear at points maximizing the distance

from the previous primordia.

The analysis of PIN expression patterns in the L1 layer was presented by Bar-
bier de Reuille et al. [2006]. The computional modelling of auxin fluxes on
the digitized PIN expression patterns confirmed that auxin flows to the young

primordia or meristem centre.

The results showed also an unexpected accumulation of auxin in the meristem
summit, which was confirmed in additional experiments [Barbier de Reuille
et al., 2006]. The authors suggested, that the centre of meristem might play an
important role in the auxin-based control of phyllotaxis.

One of the key questions concerning the model proposed by Reinhardt et al.
[2003], is how the auxin transport itself is regulated. Since at the molecular level
no such a process is currently identified, a hypothetical mechanism, coherent
with the biological data concerning auxin and its transport, was proposed ad
hoc by two recent models of phyllotaxis [Jonsson et al., 2006, Smith et al.,
2006¢].

1.4 Comparative analysis of auxin transport-based
models of phyllotaxis
Recently, a series of computer simulations of phyllotaxis inspired by the con-

cept proposed by Reinhardt et al. [2003] were presented [Barbier, 2005, Jonsson

et al., 2006, Smith et al., 2006c]. These simulations include passive and active
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transport of auxin, meristem growth and a mechanism of PIN allocation to the
cell membranes. The active transport of auxin creates the auxin concentration
gradients in the tissue. These gradients, together with the growth of the meris-
tem, lead to a patterning mechanism. The models are able to generate different

types of phyllotactic patterns.

The equation describing models are presented in figure 1.26. All three models
share the following framework. The concentration of auxin in a cell 7 is denoted
as a;. Its variation in a cell ¢ depends on the net unitary auxin flux between
this cell and neighbouring cells n € N;, denoted as J;_, and auxin synthesis
and decay, regulated respectively by «, and 3, (equations 1.3, 1.7, 1.11). The
net flux J;_,,, between cell i and n depends on the diffusion between these cells,
characterized by diffusion constant D and the active transport (equations 1.4,
1.8, 1.12). Active transport is modulated by the PIN transporting auxin from
cell 7 to cell n (PIN concentration is denoted as p; ) and its efficiency A. The
concentration of PIN available for allocation in cell ¢ is denoted by p; (equations
1.5, 1.9, 1.13). One of the key differences between the models is the mechanism
responsible for the PIN allocation (equations 1.6, 1.10, 1.14).

Despite many similarities, the models are different in some important aspects:

1. Auxin transport and its regulation aspects:

(a) The PIN polarization mechanism

Barbier [2005] abstracts the nature of the actual process of PIN allo-
cation. In his model, based on the work of Barbier de Reuille et al.
[2006], it is assumed that the primordia and meristem summit attract
fluxes. This is achieved, by introducing an imaginary, “magnetic” at-
traction between the PIN molecules and the primordia centres and
the meristem summit. In this model, each cell allocates all its PIN
proteins to only one cell membrane (equation 1.14).

Two other models propose different approaches. In both the Jonsson
et al. [2006] and Smith et al. [2006c] models, the amount of PIN
allocated to the cell membrane depends on the local gradient of auxin.
As a result, they propose a mechanism, in which every cell senses the
concentration of auxin in its neighbours and transports the hormone
to the neighbour with the highest concentration. It results in in-
creased auxin fluxes towards the cells with high auxin concentration
and depletion of auxin in their neighbourhood. Auxin peaks emerge
at regular distances. These auxin maxima are used to determine
the locations of primordia. This mechanism can break an approx-

imately uniform auxin distribution by forming a spatial pattern of
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Jonsson et al. [2006]:
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Figure 1.26: Figure shows equation used in auxin-based models of phyllotaxis
presented in the text.

The symbols denote: a; concentration of auxin in cell 4; z; concentration of
morphogen X in cell ¢; J;_, unitary net flux of auxin from cell i to cell n;
p; concentration of PIN in cell i; p;, concentration of PIN in the interface
transferring the auxin from cell i to cell n; D auxin diffusion constant; 7" auxin
active transport constant; o/, auxin/PIN synthesis constant; f3,,, auxin/PIN
decay constant; Pr set containing primordia cells; C'z set containing central zone
cells; B set containing border cells; k, auxin saturation threshold; (i, n) holds
when the wall is the “closest” cell wall to any of the primordium or meristem
summit; V; denotes volume of cell i; S;;, the surface of membrane interface i, n.
Square brackets are used as proposed by Iverson (look at 2.2.5.1).
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auxin concentrations. The magnitude and spacing of concentration
maxima are parameter depend.

The concept of PIN allocation in the cell membranes accord-
ing to the concentration of auxin in the neighbouring cells
will be called in this thesis the concentration-based mecha-
nism/polarization.

Smith et al. assumes that PIN concentration in the interface from cell
i to its neighbour n is positively regulated by auxin concentration in
cell ¢ (equations 1.9, 1.10), whereas Jonsson et al. assumes that this
positive regulation is due to the concentration in cell n (equations
1.5, 1.6).

As mentioned before, in both Jonsson et al. and Smith et al. models,
the distribution of PIN in a cell membrane of cell i depends on the
local auxin gradient. According to Smith et al. this is regulated by a
non-linear function: the amount of PIN in cell ¢ that is localised in the
membrane towards cell n is proportional to 3*" (equation 1.10). In
the simulations presented by Jonsson et al., the relationship is linear.
Therefore, in the same situation as described above, the amount of
PIN in the membrane will be proportional to a; (equation 1.6).

The relation between active auxin transport and auxin con-
centration

In all models, the rate of active auxin transport depends on auxin
concentration. In the Jonsson et al. model, the relationship is lin-
ear with a saturation term (equation 1.4), while according to Smith
et al., the transport rate is proportional to the square of the auxin
concentration (equation 1.8). According to Barbier, the transport is
decreased when auxin is both saturated or depleted (equation 1.8).
The auxin balance law

Jonsson et al. propose that auxin is produced proportionally to the
concentration hypothetical morphogen X (denoted as z in the equa-
tion 1.3). This morphogen is produced everywhere in the meristem
except for the meristem summit (equation 1.3).

Smith et al. suggests that auxin is produced in every cell in the
meristem. However, its production in the cell can slow down, if auxin
concentration in this cell is relatively high (equation 1.7).

In Barbier’s model the auxin enters the meristem only via the pe-
riphery (equation 1.11).

Smith et al. and Jonsson et al. assume that the auxin particles decay

in all cells in the meristem (equations 1.7, 1.3). Barbier hypothesizes
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that the auxin is removed only in the primordia and meristem summit

(equation 1.11).

2. Simulation aspects

(a)

(d)

The function of the primordia

To increase the model’s stability, the Smith et al. make ad hoc as-
sumption that within primordia, PIN1 polarization is up-regulated
(equation 1.11). In Barbier’s model it is required that the primordium
emits a “magnetic” attraction changing the polarity of PIN in closest
cells (equation 1.14). Contrary, Jonsson et al. make no additional

assumptions about primordia functioning is made.

Cell representation and growth of the structure

For each of the models different tissue representations is used. In
Jonsson et al. model cells as spheres, which centres are layed on a
dome-like shape. The growth is driven by forces, since the cell centres

are connected with springs and repel each other.

Smith et al. uses polygonal cells creating 2-manifold mesh. The
growth is achieved using the method based on the relative elementary

growth rate introduced by Nakielski and Hejnowicz.

Barbier uses a 2D cell representation based on Dirichlet domains. The
growth is realized using displacement field, as described by Douady
and Couder [1996a).

Both Jonsson et al. and Barbier admit that their representation in-
troduce cell sliding and random changes of cell neighbourhood, which

are not observed in meristem tissues.

Definition of the central zone

Biological experiments show, that the cells in the central zone are not
able to initiate primordia [Reinhardt et al., 2000a]. In Smith et al.
and Barbier [2005] models, this is expressed explicitly by forbidding

primordia formation in the central zone.

In J6nsson et al. model, the difference between the zones is defined
implicitly by using a molecule X that is produced only outside an
apical region and degraded everywhere else. This molecule is allowed
to diffuse and it induces auxin production (equation 1.3). The mor-
phogen X-dependent auxin production is used to break the symmetry

and to decrease the probability of peak formation in the central zone.

Emerging patterns
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The Jonsson et al. [2006] model shows the principle of the patterning
mechanism and its possible application for phyllotaxis. However, the
observed patterns have limited stability.

Confronted with the same problem, Smith et al. [2006c] introduced
a non-linear dependencies on auxin concentration, which increased
the phyllotactic patterns stability. Moreover, an additional equation
was introduced to increase PIN polarization exclusively within the
primordia. With these modifications, the model starts from a radially
symmetric embryo, produces opposite cotyledons and gradually shifts
towards spiral phyllotaxis. The patterns are stable and reproduce in
vivo measured angles within one standard deviation. The model is
capable of reproducing whorled phyllotaxy, although the stability of
this pattern is limited to 15 primordia (personal communication with
R. Smith).

The model of Barbier [2005] is able to produce unstable spiral pat-
terns, though the author mentions that the patterning capabilities
were not exhaustively explored (P. Barbier de Reuille, personal com-

munication).



Chapter 2

Flux-based model of

phyllotaxis

2.1 Canalization-based models of auxin transport

2.1.1 Original Mitchison’s model

While studying vascular strand formation in pea Sachs [1969], suggested,that
vasculature development is induced by auxin, as it flows through a tissue. He
postulated that veins are formed in a feedback process, in which the differenti-
ation of cells increases their ability to transport auxin and auxin itself induces
this cell differentiation. As a result of this mechanism, the signal inducing vein
differentiation is “canalized” into paths in a process that is frequently compared
with “water carving riverbeds in soft terrain” [Sachs, 2003]. Since then this
concept has been called the canalization hypothesis. This is in line with more
recent work by Reinhardt et al. [2003] who studied the forming vascular strands
below each primordium and observed that the strand positions corresponds to
a path of cells in which PIN is strongly expressed.

The concept of canalization was formalised by Mitchison [Mitchison, 1980a,b,
1981]. In his model, following the Sachs [1969] concept, the auxin transport ef-
ficiency in cells increases with the auxin flux. The auxin transport in the model
is mediated by imaginary carrier particles, placed in the cell membrane, and
transporting the auxin from cell to cell. These particles dynamically change

their location in the membrane, depending on the auxin flux. To empha-
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size the difference of this patterning mechanism and the previously
described concentration-based concept, we call it a flux-based trans-

porter polarization'.

To test Sachs’ hypothesis, Mitchison developed a computer model with cellular
resolution. In this model, a tissue is represented as a grid of square cells. The
cells in a bottom row remove auxin (i.e. they act as sinks and for each such
a cell 4, i € Si), whereas the top layer cells synthetize auxin (i.e. they act as
sources, and 7 € So). Auxin is then actively and passively transported in the

tissue. The equation system to model this process can be denoted as:

%‘? = ( > Jisntaglic So]> [i € Si] (2.1)

neN;
8pi n
at) = (JZHn) +ap — ﬁppi,n (22)
Ji—»n = Ya (aipi,n - anpn,i) (23)
K2 x>0
do(z) = (2.4)
0 z <0

where the conventions from the concentration-based models presented in 1.4 are
used. Boundary conditions proposed by Mitchison were: a constant influx a, of
external auxin into the top row of cells (source cells), zero auxin concentration
in the bottom row (sink cells) and no flux across the left or the right boundary
of the tissue. At the beginning of the simulation, an initial graded distribution
of auxin concentrations is set up in such a way that the auxin concentration is

growing linearly with the distance from the sink cells [Mitchison, 1981].

In the original Mitchison’s model a strand of increased transporter polarization
emerges, following the destabilisation of the initially linear auxin concentration
gradient. The destabilization is achieved by injecting an additional portion of

auxin to the selected epidermis cell at the beginning of simulation.

The strand is formed in the following way: the initial destabilization of auxin
concentration in randomly selected epidermis cell, called ¢, results in increased

flux to its neighbouring cell ¢ in L2, located directly below ¢. This flux induces

1Or in short: fluz-based mechanism, fluz-based polarization. The auxin transport model
using a variant of this hypothesis to allocate PIN in the cell membranes is called fluz-based
model.
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A B

Figure 2.1: Simulation of the vascular vein formation.
White dots mark sink cells, blue cells mark cells producing auxin. Auxin con-
centration is depicted with green ( the brighter the green the higher auxin
concentration). All the parameters used for the simulation are exactly the same
as in original Mitchison paper Mitchison [1981].

the allocation of PIN in the membrane of cell ¢ being an interface to co. As a
result, auxin flows efficiently to the cell co, but leaves this cell slower, due to the
low number of membrane transporters. It leads to an accumulation of auxin in
the cell c5. However, the flux downwards increases with time inducing the PIN
allocation at the bottom of cell ¢y, allowing the cell ¢ to pump out its auxin
to its closest neighbour in L3. This process continues creating a path of highly
polarised membranes connecting the epidermis (source cells) with the internal
tissues (sink cells). During this process, a local maximum of auxin appears
in each cell forming the future strand, just before its PIN concentration in its
bottom location rises (figure 2.1A). As a result, a “wave of auxin”, traversing
the tissue is observed. This prediction was indeed observed in plants [Goldsmith
et al., 1981]. When the process is finished, a vascular strand can be observed
(2.1B). The strand has high flux but low concentration of auxin. The results of

reproduced Mitchison’s simulation are presented in figure 2.1.

2.1.2 Extended Mitchison’s model

One of the domains, where the concept of Sachs [1969] was extensively explored
is leaf morphogenesis, and the process of leaf venation in particular. Veins in
the leaf consist of vascular tissue and form so-called venation networks that

are located in the spongy layer of mesophyll*. Plant species show a variety
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Figure 2.2: Examples of the venation patterns in leafs.
2.2 image of the Horse Chestnut (Aesculus hippocastanum) leaf blade coming
from Botanic garden in Montpellier taken using light table technique, 2.2B
macro image of the Common Hazel (Corylus avellana) tree taken in Botanic
garden in Berlin and 2.2C macro image of the Common Grape Vine (Vitis
vinifera) taken in Castelnau-le-Lez.
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Figure 2.3: Examples of in silico generated venation.
Two first pictures present reticulate patterns of poplar leaves (first real leaf,
second simulation result), two second ones present venation of lady’s mantle
venation (first real leaf, second simulation results). Images taken from Runions
et al. [2005].

of leaf venation patterns, which are often used for classification (look at figure
2.2, for review Hickey [1979]). Our current understanding of venation suggests
that vein formation depends on auxin and its transport [Avsian-Kretchmer et al.,
2002, Mattsson et al., 1999, Sieburth, 1999]. Computer simulations showed that
the canalization concept has patterning capabilities able to reproduce venation
(figure 2.3) [Runions et al., 2005].

Since the formalization of original Mitchison’s model and until the identification
of the PIN transporters by G&auml;lweiler et al. 1998 there was no evidence
of the existence of any membrane carriers able to transport auxin. Only re-
cently, Rolland-Lagan and Prusinkiewicz [2005] reproduced and re-examined
the Mitchison’s simulations in the context of leaf morphogenesis and in the

light of new experimental data.

2.1.2.1 Single vein model

Analysis of vein patterning at the pre-procambial stage [Scarpella et al., 2004]
suggests that the primary vein is formed acropetally (from leaf base to leaf tip),
in spite of auxin being transported basipetally (from tip to base). The origi-
nal canalization model does not reproduce this behaviour (compare with figure
2.1a). Rolland-Lagan and Prusinkiewicz [2005] proposed that the phenomenon
of basipetal strand formation can be reproduced assuming that the formation of
the primary vein is sink-driven rather than source driven. They reported, that
with a single sink cell at the bottom of the tissue and an incoming flux of auxin
along the entire top edge of the tissue, a strand of increased flux developed

acropetally from the sink towards the top of the tissue.

Rolland-Lagan and Prusinkiewicz [2005] also showed that the destabilization
of the system, leading to strand formation, can be achieved not only by one-

time injection of an additional portion of auxin to a randomly chosen cell ¢ of



CHAPTER 2. FLUX-BASED MODEL OF PHYLLOTAXIS 71

A B

Figure 2.4: Extensions of Mitchison simulations. Description in the text.

epidermis (as in the Mitchison’s model). It is also possible to trigger strand
initiation by additional, constant synthesis of auxin in the cell ¢ during entire

simulation.

According to these authors, the fluz-based mechanism is not only able to create
a single vein, like in the original model, but also a network of veins can develop.
The introduction of multiple sinks, consecutively appearing during the simula-
tion led to a network of veins containing loops, which correspond to aureoles*

in leaves.

We investigated further the Mitchison’s model and its modified variants (e.g.
simulations from Rolland-Lagan and Prusinkiewicz [2005]) to test, whether the
fluz-based polarization is compatible with other experimental data concerning
the PIN and auxin.

Constant synthesis of auxin in selected epidermic cell vs. one-time
injection = We repeated the modification of Mitchison’s simulation in which
the destabilization is achieved by constant auxin synthesis, instead of one-time
auxin injection. We confirm, that this type of destabilization may lead to the
formation of vein. Furthermore, when auxin is constantly synthetized, the rate
of synthesis determines the number of strands. If only a small quantity of auxin
is added, no strand is created. When the amount is moderate, one strand
appears (this is the case for the parameter values proposed by Mitchison) and if

the amount is high, more strands develop starting from the selected cell (2.4B).
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Basipatal vs. acropetal vein formation Experimental data suggest that
in the early stages of leaf formation, there are no localised auxin sources in
the leaf margin [Avsian-Kretchmer et al., 2002]. It is possible, that auxin is
synthetized relatively homogeneously in the whole apex [Ljung et al., 2001,
2002]. Therefore, we decided to exchange the axiom of auxin synthesis localized
in the epidermis cells, by the homogeneous auxin synthesis in every cell (except
the sink cells). In this case, the equation 2.1 becomes:

%‘? - (— S i+ g - ﬁa> [i € Si]
neN;

According to the performed simulations, this modification was sufficient to cause
the primary vein to be formed acropetally. This result suggests, that according
to fluz-based model vein can form acropetally not only when auxin enters the
system by epidermis, but also when it is synthetized in whole meristem. Thus,
the simulations give another proof, that there is no contradiction between an
acropetal development of the mid-vein and the fluz-based polarization mecha-

nism.

Auxin concentration in the vein It is commonly stated, that Mitchison’s
model produces veins with high auxin flux, but low concentration of auxin in the
vein [Feugier et al., 2005, Rolland-Lagan and Prusinkiewicz, 2005]. The exper-
imental data suggest however, that the concentrations of auxin in the vascular
precursor cells are high [Mattsson et al., 1999]. Therefore, this observation is a
common argument used against the plausibility of fluz-based mechanism in leaf
morphogenesis [Rolland-Lagan and Prusinkiewicz, 2005, Merks et al., 2007].

Our simulations reveal, that this statement is only true when a distance between
the epidermis (source of auxin) and sink cells is small. In more general case,
when the system stabilizes, a constant concentration of auxin in a strand is
observed. However, the concentration in the tissue gradually decreases from
epidermis to the row of sink cells. Hence, if the distance between the epidermis
and sink cells is sufficient, that the concentration in the vein close to the sink
is higher than in the surrounding cells. This situation is illustrated in figure
2.4B. The concentration of auxin in the vein does not have to be lower than
in the surrounding tissue, although the ratio between the auxin concentration
in the vein and the auxin concentration in vein surrounding increases with the

distance from source.

Feugier et al. [2005] provided an alternative explanation of this issue. They

demonstrated, that the concentration of auxin in the canals crucially depends
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on the detailed properties of the mechanism distributing eflux carriers within a
cell. According to this model, if the number of membrane carriers is controlled
independently in different parts of a cell, as is the case in Mitchison’s model, the
canals will have a lower concentration of auxin than the surrounding tissue. By
contrast, the canals might have a higher auxin concentration than the adjacent
tissue when two additional assumptions are made: i) the number of carrier
proteins in a cell is fixed or slowly changing, 4i) different sides of a cell compete

for the allocation of carrier proteins from the available pool.

Resolution of the equations In the original Mitchison model and its ex-
tensions proposed by [Rolland-Lagan and Prusinkiewicz, 2005] the transporter
concentrations (p; ;) were capped®. For the set of parameters chosen by Mitchi-
son, when the concentrations are left uncapped, the system requires extremely
short integration steps and is less stable due to huge differences in transporter
concentrations. Capping of the transporters is difficult to explain with respect

to any known chemical reaction dynamics.

The partial solution of this issue is to change the equation 2.4 by introducing
the saturation component [Michaelis and Menten, 1913]. After introducing a
saturation component, we did not observe any qualitative change of the system’s
behaviour. However, the integration steps had to be reduced (depending on

simulation up to 10 folds), which importantly increased the simulation’s time.

Sensitivity of the model The original Mitchison model is sensitive to a
variation of several parameters. For example, for the parameter set proposed
originally by Mitchison, an increase of source strength by 4 folds changes re-
markably the number of strands (2.4B). Similarly, the final number of strands
is influenced by size and shape of a grid representing the tissue (it was also
reported by Rolland-Lagan and Prusinkiewicz [2005], Feugier et al. [2005]).

2.1.2.2 Modelling regeneration of vasculature with fluz-based model

In the L1 layer of the meristem a fast reallocation of PIN transporter molecules is
observed after the initiation of the primordium. In this moment, PIN molecules
in the neighbourhood of the primordium switch their position to conduct auxin
towards the new primordium. One of properties of fluz-based mechanism is the
ability of the transporter molecules to dynamically relocate, adapting to changes

in the system system. We modified the Mitchison model to perform simulations

2it means that while solving the equation system, if the value of pi,; exceeds certain
threshold ¢, the value is automatically set to the threshold value t.
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and to test if the fluz-based mechanism is compatible with the experiments

showing dynamic changes in PIN polarization.

Regeneration of vascular tissue following its disruption by wounding is a prime
process, which requires reorganization of an adult tissue and has been the ba-
sis for a formulation of the canalization hypothesis [Sachs, 1969]. Classical
experiments investigating the polarity during regeneration and de novo forma-
tion of vascular tissue were performed in pea (Pisum sativum) [Sachs, 1981].
Recently, to observe changes in PIN distributions during vascular tissue regen-
eration, Sauer et al. [2006] repeated Sachs’ experiment on pea and monitored

the distribution of PIN. The experiment is described in the following way:

Twenty-four hours after disruption of the existing vasculature by
wounding, PsPIN1 (in following PIN1) lost its basal polarity above
the wound (figure 2.5A, around the asterisk) but remained basally lo-
calised below the wound in cells accompanying the vasculature, iden-
tical to the control situation (data not shown). After 2 days, PIN1
became ectopically expressed above the cut in a relatively large field
of tissue, with a pronounced sub-cellular lateral orientation facing
the central part (figure 2.58). After 8 days, the field of cells ec-
topically expressing PIN1 became narrower, and stronger expression
levels were constricted to inner cells of the field (figure 2.5C). The
field of cells expressing PIN1 was oriented around the wound with
PINT1 polarity lateral above the wound, and gradually becoming basal
at the position of the wound itself. After 5 days, the field of cells
expressing PIN1 had narrowed down to only a file of cells and new
vasculature (morphologically distinguishable by tracheary elements)
had formed next to these cells (figure 2.5D). Thus, the regeneration
of new vasculature is preceded temporally and spatially by differen-
tial expression of PIN auwxin transport components, and its polarity
is preceded by the concerted gradual establishment of PIN polarities

in each individual cell.

To simulate the regeneration of the vasculature we adapted the original Mitchi-

son model:

1. The equation 2.1 is changed, by introducing auxin degradation (3, in every

cell:

56‘;" = <— N Jin+aali € So] - m) [i € Si]

neN;
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Figure 2.5: Vein formation after wounding an organ: reality and in silico ex-
periment.

Figures (2.5A-2.5D) taken from [Sauer et al., 2006] and show the consecutive
stages of their experiment (detailed description of the experiment in the text).
Figures (2.5E-2.5H) show the corresponding stages of in silico experiment using
the fluz-based polarization hypothesis to orient the PIN.
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This modification is inspired by biological data suggesting that the cell
constantly degrade auxin [Ljung et al., 2002].

2. The cell membranes which reach the maximum concentration of PIN, re-
move the PIN slower. This modification is discussed in the following para-

graph. It is equivalent to the modification of equation 2.2:

api,n
ot

=0 (Jz—m) + oy — 6ppi,n [pi,n < pfmaz] - ﬂ;,)pi,n [pi,n > p{ymu]

Where (3, is a constant describing PIN removal from the membrane and
it holds 3, < Bp; Pra, is only alittle smaller than PIN capping threshold

pmaa:-

3. The tissue geometry is changed. In this simulation the cells are represented
by hexagons (look at virtual tissues in figure 2.5). This modification is
introduced to allow auxin to be transported in more than only four direc-

tions, as in the grid build up from squares.

4. The simulation is adjusted to the new tissue geometry: the cells in a
bottom-most row act as sinks (i € Si), the cells in a top-most row act
as auxin sources (i € So), the right-most top cell is producing additional

auxin (similar to the original model in order to develop vascular strand).

The beginning of the simulation is similar to the original Mitchison experiment.
During the simulation, the right-most top cell is constantly synthesising addi-
tional auxin. This leads to the establishment of the vascular tissue, passing all
the right-most cells of the tissue. After the vein is established (the system has
reached a stable state at this moment), a part of the tissue, together with the

middle segment of the vein is removed to simulate wounding.

After removing the part of the tissue (figure 2.5E) a sequence of events quan-
titatively similar to the one observed in vivo can be followed. Firstly, auxin
reaches the zone where the part of the tissue was removed, and due to its flux
in all directions, induces PIN activation in the whole zone (figure 2.5F). This
corresponds to the extensive expression of PIN above the cut in a relatively
large field of tissue facing mostly the central part of the tissue (figure 2.5B).
Secondly, PIN expression becomes concentrated to a single strand, wrapping
around the wound and searching for the fastest path to the sink (figure 2.5G).
This is again consistent with the in vivo observation, where the field of cells
laterally expressing PIN1 becomes narrower and stronger expression levels are

constricted to inner cells of field. The new vascular strand joins the remaining,
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basal vascular strand and thus, reuses this medium to fully connect the source
with the sink (figure 2.5H). Once again, it resembles the real observations,
where PIN expression zone narrows down to only a file of cells creating a new
vasculature. It is important to note, that in this process we observe a strand

formation from source to sink.

Finally, we show that fluz-based polarization is able to reproduce the sequence
of events observed during the pea wounding experiments. Both in vivo and in
silico experiments, show qualitatively similar auxin-dependent changes in PIN
polarity preceding de novo formation or regeneration of vascular tissue and the

establishment of new vasculature.

During the development of vasculature after wounding of the tissue, PIN pro-
teins change their basal localisation and gradually establish a new polarity,
which guides the development of vascular tissue. This mechanism is able to
change the polarity of PIN completely, in this particular case from basal to lat-
eral locations in the cells. This situation is similar to the primordium initiation
in the SAM, where rapid PIN reversal is observed in the direction of young
primordium [Reinhardt et al., 2003].

The model requires slower removal of PIN by cell membranes with its maximal
concentrations (assumption 2). Without this condition the high PIN polariza-
tion disappears in the place of old vascular tissue and below the cut. If PIN
polarization vanishes completely in this location, the vein passing the wound
proceeds directly down, without “reusing” the old strand. This is not in line
with experimental data showing that the new vasculature joins the lower part

of the old vein.

It is important to underline, that auxin is a sufficient signal to trigger the
whole sequence of vein development events (assuming the interaction with its

membrane carrier PIN) required for the vasculature regeneration.

2.1.3 Canalization and branching patterns

Feugier et al. [2005] performed a further analysis of canalization models. The
authors showed, that if auxin is produced uniformly in a sufficiently large grid
of cells, the flux-based model yield to different types of PIN patterns. In their
models the type of self-enhancement described by the function @, has a strong
effect on the possibility of generating the branching patterns. For response
functions with acceleration in the increase of carrier protein numbers compared
to the auxin flux, branching patterns are likely to be generated. For linear or

decelerating response functions, no branching patterns are formed.
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Fujita and Mochizuki [2006] studied a related canalization-type mechanism and
introduced a hypothetical, diffusible enhancer molecule produced according to
the net auxin flux. Their model produces branching venation patterns like
Feugier’s model and reticulate® patterns. The authors point out, that these
patterns lack important features of real venation, such as the presence of closed

loops or hierarchical vein orders.

A recent “constant production hypothesis” by Dimitrov and Zucker [2006] is
a variant of the fluz-based interpretation of the canalization hypothesis. The
authors assumed that the auxin is produce in every cell, contrary to Mitchison
[1981], who assumed specific auxin synthesis locations in the tissue. The model
explains side-vein formation as the shortest, steepest path draining an auxin
maximum, formed in the centre of the aureoles in a balance between constitutive

auxin production and drainage by the veins.

2.1.4 Conclusions

Implementing Mitchison’s model and its variants allowed us to validate the sim-
ulation framework prepared for meristem simulation. The proposed framework
made it possible to reproduce Mitchison’s model and to perform certain modi-
fications to test additional auxin transport hypotheses.

The putative auxin efflux transport protein PIN1 is the first known molecular
marker for both plant organ primordia and pre-procambial tissue. Thus, phyl-
lotaxis and vascular patterning are very closely related at the molecular level,
providing further support for the idea that the two processes may have directive

roles on each other.

We showed that the fluz-based mechanism is able to create veins both, acropetally
and basipetally. Acropetal vein formation can be triggered by assuming a ho-
mogeneous auxin synthesis. The original Mitchison model requires fixed tissue
size and PIN capping. Initialisation of vein formation in the original Mitchison
model can be triggered either by localised, constant, additional production of

auxin or by a single auxin injection.

The fluz-based mechanism has patterning properties allowing PIN to dynami-
cally adapt to changes in the system configuration e.g. appearance of new auxin
sinks or sources or a change in tissue geometry. The dynamics of these changes
is compatible with the PIN dynamics observed during the wounding of already

developed vasculature in the epidermis.

3A leaf with reticulate venation has its veins arranged in a pattern such that larger veins
give rise to progressively smaller veins. The end branches of the veins define small areas called
aeroles.
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The performed simulations imply that the fluz-based mechanism could provide
an explanation for the development of vasculature below the primordia. Since
this mechanism could also explain laminar PIN distributions, as observed on the
surface of the SAM, it could possibly explain as well the distributions of PIN
observed in the L1 layer. Together with an ability of dynamic reorientation,
these observations suggest, that a fluz-based mechanism could be responsible
for auxin transport in whole meristem, thus also for the process of phyllotaxis.

2.2 Flux-based transport enhancement as a plau-
sible unifying mechanism of auxin transport
in meristem development

This chapter contains the article published in the October issue of PLOS Com-
putational Biology journal in 2008.
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Abstract (250-300 words) Plants continuously generate new organs through
the activity of populations of stem cells called meristems. The shoot apical
meristem initiates leaves, flowers and lateral meristems in highly ordered spi-
ralled or whorled patterns via a process called phyllotazis. It is commonly ac-
cepted that the active transport of the plant hormone auxin plays a major role
in this process. Current hypotheses propose that cellular hormone transporters
of the PIN family would create local auxin maxima at precise positions, which
in turn would lead to organ initiation. To explain how auxin transporters could
create hormone fluxes to distinct regions within the plant, different concepts
have been proposed. A major hypothesis, canalization, proposes that the auxin
transporters act by amplifying and stabilizing existing fluxes, which could be
initiated, for example, by local diffusion. This convincingly explains the organ-
ised auxin fluxes during vein formation, but for the shoot apical meristem a
second hypothesis was proposed, where the hormone would be systematically
transported towards the areas with the highest concentrations. This implies
the co-existence of two radically different mechanisms for PIN allocation in the
membrane, one based on flux sensing and the other on local concentration sens-
ing. Since these patterning processes require the interaction of hundreds of cells,
it is impossible to estimate on a purely intuitive basis if a particular scenario is
plausible or not. Therefore, computational modelling provides a powerful means
to test this type of complex hypotheses. Here, using a dedicated computer sim-
ulation tool, we show that fluz-based polarization hypothesis is able to explain
auxin transport at the shoot meristem as well, thus providing a unifying concept
for the control of auxin distribution in the plant. In addition, the simulations
lead to testable predictions that should be able to distinguish between flu-
based polarization and other hypotheses. Therefore, the flux-based polarization
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mechanism provides a unifying concept for the control of auxin distribution in

plants.

Author’s summary (150-200 words) Plants continuously generate new
organs through the activity of populations of stem cells called meristems. The
shoot apical meristem (SAM) initiates leaves, flowers and lateral organs in highly
ordered, spiralled or whorled arrangements via a process called phyllotaxis.
Auxin, a plant hormone, plays an essential role in this process. It is actively
transported from cell to cell by specific membrane associated transporters. In
the SAM, this coordinated transport creates organized auxin fluxes resulting
in hormone accumulation at precise positions, where organ formation is trig-
gered. One key question in this process is to understand how auxin transport is
coordinated. To address this issue, we have investigated a specific hypothesis,
the canalization hypothesis, whereby every cell senses and attempts to stabilize
existing hormone fluxes. Since such a patterning process would require the inter-
action of hundreds of cells, it is impossible to estimate on a purely intuitive basis
whether it would be able to generate the observed organ positions. We, there-
fore, developed a computational approach to test this hypothesis and showed
that a flux based mechanism is indeed able to generate phyllotactic patterns

and is consistent with biological data describing meristem development.

2.2.1 Introduction

During plant development, organs are continuously created by small populations
of cells called apical meristems. The so-called shoot apical meristem (SAM)
generates all the aerial parts of the plant. The SAM is a highly organised
structure, composed of a central zone required to maintain the meristem and a
surrounding peripheral zone, that is competent to initiate new organ primordia
[Reinhardt et al., 2000a]. The young organs are usually initiated in highly
ordered spiralled or whorled patterns. This remarkable arrangement of organs
is called phyllotaxy and varies according to particular plant species and growth
conditions. Over the last two centuries, phyllotaxy has been extensively studied
and different models for this patterning process have been proposed. From a
mechanistic point of view, it is now widely accepted that phyllotaxy emerges
from a process of local lateral inhibition: each primordium creates an inhibitory
field in its vicinity where no other primordium can develop. This basic inhibitory
field hypothesis (see Douady and Couder [1996a] for a review), is potentially able
to generate a wide range of phyllotactic patterns Snow and Snow [1962], Douady
and Couder [1996a], Atela et al. [2002], Shipman and Newell [2004], Smith et al.
[2006a).
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Hypotheses concerning the physiological nature of these inhibitory fields were
proposed only recently Reinhardt et al. [2003]. They rely on the signalling role of
a key hormone called auzin, that plays a crucial role in primordium formation
Reinhardt et al. [2000a]. Auxin is actively transported throughout the plant
from cell to cell by carriers that are located at the cell plasma membranes Vieten
et al. [2007]. During auxin transport influx carriers of the AUX/LAX family,
facilitate auxin import into the cells. This is in contrast to the PIN-FORMED
(PIN) proteins, which facilitate efflux [Petrasek et al., 2006]. Interestingly, PIN
proteins often accumulate on one particular side of the cell, thus suggesting
that auxin is evacuated preferentially via that side. Importantly, PIN carriers
often show locally coherent orientations between groups of neighbouring cells,
indicating that PIN orientation is coordinated at the level of tissues Reinhardt
et al. [2003], Barbier de Reuille et al. [2006]. It is therefore possible to imagine
how cells could transport auxin from cell to cell throughout the plant, thereby
creating fluxes that lead to local hormone maxima and minima Reinhardt and
Kuhlemeier [2002], Kuhlemeier [2007]. These differences in concentration would
subsequently be interpreted in terms of differential gene expression and growth
rates.

At the SAM, auxin importers and exporters are mainly expressed at the meris-
tem surface [Reinhardt et al., 2003]. When auxin transport is inhibited, organ
initiation is severely affected or even totally absent [Okada et al., 1991]. In addi-
tion, the cells at the SAM orient their PIN proteins towards the young primordia
and it is now currently thought that organs are initiated at auxin accumulation
points, while the hormone is depleted in their neighbourhoods [Reinhardt et al.,
2003]. The young primordia would thus create drainage basins in their vicinity
which would be equivalent to the inhibitory fields proposed previously. While
the coherent behaviour of PIN proteins in cell populations is well established,
the actual mechanism behind this phenomenon is still not well understood. So

far two basic concepts have been proposed.

A first hypothesis is based on the pioneering work of Sachs (1969) on vascular
tissue differentiation in plants Sachs [1969]. Sachs proposed that auxin trans-
port is facilitated during the process of vascular tissue induction. He suggested
that the positive feedback between flux and transport is able to amplify small
fluxes and can potentially create canals of auxin between auxin sources and
sinks that subsequently differentiate into vein tissues. This positive feedback
between flux and transport is at the basis of the fluz-based polarization mech-
anism we study in this work. The canalization hypothesis was then formalized
by Mitchison Mitchison [1980a, 1981] who developed a mathematical model of

this process that increases membrane permeability of cell plasma membrane on
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Figure 2.6: Comparison of two PIN orientation hypotheses.
The concentration of auxin in the cells is marked with green (the brighter
green, the higher the concentration), the fluxes are depicted with yellow
arrows and PIN concentration at the membranes are indicated by red lines
with variable thickness (the thicker the line the higher the concentration).
Note, that the fluxes might be independent from the concentrations. Figures
2.6A-2.6D show the principle of the concentration-based hypothesis and figures
2.6E-2.6H show the principle of fluz-based polarization hypothesis. In both
cases the key question is how the cell marked with “?” should allocate the
PINs to its membranes (2.6A, 2.6E). In the case of the concentration-based
hypothesis this cell makes the decision based on the concentrations in the
neighbouring cells. The higher its neighbours auxin concentration, the more
PIN will be inserted in the membrane (2.6B). Fluz-based polarization depends
on the net flur between neighbouring cells. The higher the net flux to its
neighbour the more PIN will be inserted in the membrane (2.6F). In both
cases the newly allocated PINs change the concentrations and fluxes (2.6¢,
2.6G), leading to the next iteration of the scenario (2.6D, 2.6H).

the sides where the net flux of auxin is positive. This model was then further
studied in the context of leaf venation pattern by several authors Feugier et al.
[2005], Rolland-Lagan and Prusinkiewicz [2005], Runions et al. [2005], Dimitrov
and Zucker [2006] who interpreted the canalization hypothesis as a feedback
mechanism between auxin fluxes and PIN transporters and studied the proper-
ties of such a coupling both on a fixed shape and during leaf development. From
the biological point of view, recent experiments tend to support the canalization
hypothesis, at least in the inner tissues of the plant Scarpella et al. [2004, 2006],
Sauer et al. [2006]. However, whether it could also account for the behaviour of
auxin transporters in other parts of the plant such as the shoot and root apical

meristem or leaf margins remains an open question.

More recently, a second concept was proposed to explain auxin transport at
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the SAM surface Jonsson et al. [2006], Smith et al. [2006b]. Based on the obser-
vation that PIN carriers point to primordia initiation sites in the SAM which
supposedly correspond to auxin maxima, it was hypothesized that relative con-
centrations of auxin in neighbouring cells differentially drive the polarization of
PIN1 to the corresponding portion of the membrane between each cell and its
neighbours [Jonsson et al., 2006]. The cells would thus tend to export auxin
against the auxin concentration gradient (referred to here as concentration-based
hypothesis), thus amplifying differences in local auxin concentrations and cre-
ating local mazima or spots of auxin Scarpella et al. [2006]. The comparision of
concentration-based and fluz-based polarization hypothesis is presented in Fig-
ure 2.6, Using computational modelling, several authors were able to show that
concentration-based hypothesis can produce spiralled and whorled phyllotactic
patterns. In a recent article, Merks et al. proposed a modified concentration-
based hypothesis Merks et al. [2007]. Although it requires further development,
it is potentially able to explain the formation of veins in internal tissues. Could
it, therefore, represent a unifying mechanism for the control of auxin fluxes
throughout the plant? A major argument against this idea is that the model
does not seem to be compatible with the presence of stable auxin maxima in tis-
sues. This is typically the case at the root meristem, where a continuous, stable
auxin maximum is maintained with incoming and outgoing fluxes Grieneisen
et al. [2007]. In a recent study, Sauer et al. suggested that cell-type specific
factors could decide whether one or the other mechanism would be used Sauer

et al. [2006], but this remains to be proven.

Since the concentration-based hypothesis can not, on its own, provide a unifying
mechanism for the control of auxin fluxes in the plant, we investigated whether
fluz-based polarization hypothesis, as the other major concept in the field could
provide a realistic alternative. Since such cell-cell signalling based patterning
processes involve the interactions between hundreds of cells it is impossible to
estimate on a purely intuitive basis if a particular scenario is plausible or not.
In this context, computational modelling provides a powerful means to test this
type of hypotheses. We therefore designed a set of models and showed that the
fluz-based polarization mechanism is able to:

1. generate spiral phyllotactic patterns observed in the SAM,

2. produce pro-vascular strands below primordia in the sub-epidermal meris-

tem layers,

3. reproduce stable auxin maxima as observed in the root meristems.

We therefore conclude that flux-based polarization could provide a unifying

principle for the guidance of auxin fluxes in the plant. In addition, our model
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leads to a set, of testable predictions, that should be able to distinguish between

the fluz-based and concentration-based polarization hypotheses.

2.2.2 Models
2.2.2.1 Biological assumptions

To model auxin transport in a tissue we used a set of auxin related hypotheses
derived from biological observations taken from the literature (see also intro-

duction):

1. The Auxin quantity in a cell changes as a result of active trans-
port and diffusion between cells and local creation/degradation
[Edelstein-Keshet, 1988], as in previous models Smith et al. [2006b], Bar-
bier de Reuille et al. [2006], Jonsson et al. [2006].

2. Auxin is created locally in every cell (suggested by Reinhard et al.
Reinhardt et al. [2005], also used in other models Feugier et al. [2005],
Smith et al. [2006b], Jonsson et al. [2006]). At this stage all precise lo-
cations of auxin synthesis is not well defined, but several of the YUCCA
genes involved in auxin synthesis are expressed at the shoot meristem
[Cheng et al., 2006].

3. Auxin is degradated locally in every cell. e.g. see Ljung et al. [2002].

4. Auxin is transported from the cell into the inter-cellular space according
to the chemiosmotic model [Rubery and Sheldrake, 1974]. Briefly, this
supposes that it is difficult for auxin to leave the cell by diffusion because
of the neutral pH of the cytoplasm, whereas it can enter it more freely
from the acidic inter-cellular space. Therefore, the plant has developed
a system of transporters that facilitates the transport from cell to cell
[Geldner et al., 2001, Vieten et al., 2007]. At the meristem, only PIN
transporters seem to be polarized, while the AUX/LAX influx carriers
are homogeneously distributed over the membrane. We model this overall
transport process using a simplified system. First, we assume direct flux
of auxin from cell to cell by omitting the wall compartment. Second, due
to the symmetry of influx carriers, only PIN is simulated explicitly. There-
fore we model auxin redistribution in the meristem as a result
of passive diffusion between cells and polar transport which is
governed by PIN. A similar approach was also used in other transport
models Feugier et al. [2005], Smith et al. [2006b], Jonsson et al. [2006],
Barbier de Reuille et al. [2006], Merks et al. [2007].
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5. PIN concentration in a cell membrane is up-regulated by auxin
flux through this membrane Sachs [1969]. This hypothesis is explained
in detail in the Mathematical Formalization section.

To design the model of phyllotaxis, we extended the auxin related hypotheses
with a set of hypotheses related to phyllotaxis:

1. The shoot apical meristem is a dome shaped structure, containing up to
thousands of cells. We distinguish the epidermal layer, called L1,
that is one cell thick from the sub-epidermal cells that makes up
the rest of the dome.

2. The L1 layer is itself composed of a central zone surrounded by a
peripheral zone (also called competence zone). These zones exhibit

different properties Steeves and Sussex [1972] as explained below.

3. Primordia can appear only in the peripheral zone of the meris-
tem Reinhardt et al. [2000a]. Once a primordium is initiated, it moves
away from the meristem summit following a radial trajectory, due to cell
growth throughout the L1 Douady and Couder [1996a], Reddy et al. [2004].

4. In the L1, primordium cells act as sinks by redirecting auxin
from the L1 layer downwards. This hypothesis is justified by the
presence of vascular strands below each primordium which would transport
auxin downwards [Reinhardt et al., 2003]. We assume that a primordium
can easily remove any amount of auxin (the saturation level is much higher

than the amount of auxin available in meristem).

5. Longitudinal sections show that pro-vascular strands are approximately
three cells wide (data not shown). Therefore we assume that a pri-
mordium is constructed from a central cell and all its direct

neighbours.

6. A new primorium is formed as a response to high auxin accu-
mulation in a cell of the competence (peripheral) zone Reinhardt
et al. [2000a].

7. Auxin and PIN reallocation are fast processes. PIN proteins can
be reallocated within one or two hours ([Sauer et al., 2006], our
own unpublished results). Growth occurs at a slower timescale.
Typically, a cell doubles its volume in 24h [Grandjean et al.,
2004]. Therefore, as a simplification, we consider auxin concentrations
and PIN localisation to be in equilibrium at the time scale used to model

growth.
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8. Auxin is concentrated in the L1 and accesses the inner layers via
primordia. Because of the presence of AUX/LAX auxin importers,
it has been proposed that auxin is concentrated in the L1 layer. It is
mainly transported to the inner tissues via the pro-vascular strands in the

primordia.

2.2.2.2 Flux-based polarization model

The model is essentially based on the fluz-based polarization hypothesis derived
from the canalization concept, introduced by Sachs Sachs [1969] who suggested
that auxin transport is increased during the vascular induction by the auxin flux
itself, leading to the canalization of the flux (for earlier mathematical formal-
izations see also Mitchison [1980a, 1981], Feugier et al. [2005], Rolland-Lagan
and Prusinkiewicz [2005], Fujita and Mochizuki [2006]. The model is inspired
by the original Mitchison model revisited by Rolland-Lagan and Prusinkiewicz
[Mitchison, 1981, Rolland-Lagan and Prusinkiewicz, 2005].

Conservation law for the transport of auxin. We denote a; (mol.m=3)
the concentration of auxin in a cell i and p; , (mol.m~2) the concentration of
PIN proteins in the membrane facilitating transport from cell i to cell n. V;
(m?) denotes cell volume and N; denotes the set of neighbouring cells of cell
i. If i and n are two neighbouring cells, then S;,, (m?) denotes the exchange
surface between these two cells. We assume that the auxin variation rate results
from the combination of three processes i) diffusion ii) active transport of auxin

by PIN and iii) local cell auxin synthesis and decay (see Auxin Hypotheses 1-4).

da; 1
L= = Si nJD
ot Vi Z ndin T
neN;
1
_V SlynjzA*nz + aq — ﬁaaia (25)
i nenN;

where JP, . JA  are the fluxes of auxin (mol.m~2.s71) due to diffusion from
cell i to its neighbouring cell n, active transport from cell i to n respectively.
By convention, out-going fluxes are positive, incoming fluxes are negative. a,
(mol.m=3.s71) is a constant that describes the rate at which auxin is pro-
duced in cells and 3, (s~!) defines the rate of auxin decay. Diffusion is mod-
elled using Fick’s First Law, J}ln = vp (a; — a,) where vp is the constant
of permeability reflecting the capability of auxin to move across the mem-

brane (m.s~!). In his original paper from 1981, Mitchison proposed to model
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the flux due to active transport across a membrane between cells ¢ and n as
JA,, =74 (@i — anpni) where y4 (m3.mol~1.s71) characterizes the trans-
port efficiency of the PIN pumps. Hence the auxin variation rate in a cell ¢ can

be expressed as:

da; 1
t = - Sz n i — Qp
at ‘/Z Z nYD (a a ) +
nenN;
1
7% Z Sinya (aipi,n - anpn,i) +
neN;
+to = fai (2.6)

Fluzx-based polarization According to Sachs’ original concept, canaliza-
tion relies on a feedback mechanism from the auxin fluxes on its transporters.
More precisely, we assume that the concentration of PIN proteins p; ,, in cell
i transporting auxin to cell n changes due to i) insertion in the membrane
induced by the flux ii) background insertion and removal of PIN from the mem-
brane. The net flux of auxin that crosses membrane from cell ¢ to cell n is
Jiom =JP,, +JA.

Oin

ot = @(Jl_m) + Oép — ﬂppi,n, (27)

where @ defines the intensity of PIN insertion into the membrane due to the
feedback of the auxin flux, a;, (mol.m=2.s71) describes the rate of background
PIN insertion into the membrane, and 3, (s~') the background removal rate
from the membrane. Depending on the nature of the ® function, different types
of canalization regimes can be obtained (Feugier et al. [2005] and see below).
In this paper we use two types of functions: a linear function @y, (J;—,) =
k(Jizsn/Jref) and a quadratic function ®¢ (J;—,) = n(JiHn/Jref)z, where K
(mol.m™2.s7') is a constant parameter and J,..; (mol.m~2.s7') is an arbitrary
reference flux that makes it possible to keep constant units in the equation.
For a negative net flux the ® functions are truncated to 0, which means that
no additional PIN is inserted in the membranes for which more auxin particles

come in than particles come out.

2.2.2.3 SAM model

As mentioned above we suppose that auxin flows essentially in two separated

conduits: the L1 layer and the sub-epidermal layers. The two systems meet at
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the primordia cells. This very localised coupling between epidermal and sub-
epidermal domains makes it possible to model the transport in each pathway

independently and to account for their interaction at the sites of primordia only.

Epidermal model We represent the L1 layer by a set of polygonal cells form-
ing a 2D surface. Similarly to other models of auxin transport at the SAM Smith
et al. [2006b], Jonsson et al. [2006], the inter-cellular space was not modelled
as a compartment of its own (however see Kramer and Bennett [2006]) and
the contact between cells was abstracted as a single separation (referred to as
membrane) allowing auxin molecules to flow between adjacent cells and PIN
molecules to accumulate on either side. To model phyllotaxis we included cer-
tain topological and geometrical assumptions. We identify a particular point z
as the meristem centre. Different zones of the meristem are defined relatively
to this centre z. The centroid of each cell i is denoted by o;. The central zone,
Z, is the set of cells whose centroids have a Euclidean distance to the meristem
centre z less than or equal to the constant radius Rz. Similarly, a cell ¢ belongs
to the peripheral (or competence) zone C when the distance between its cen-
troid o; and the meristem centre z is less than or equal to R¢ and greater than
Rz. Cells 7 in the peripheral zone can be promoted to primordia cells (which is
denoted by i € P).

Sub-epidermal model Second, to model the vascular pathways below the
primordia, we designed a 2D model of a longitudinal section of the SAM where
the connection between the epidermal and sub-epidermal layers could be explic-
itly represented. In the sub-epidermal layer, the definition of the zones Z, C,
and of primordia cells P is analogous to that of the epidermal model. Cells are

also represented as 2D planar polygons whose edges represent cell membranes.

Growth of the SAM  To simulate meristem dynamics, we used a purely ki-
netic description of meristem growth Smith et al. [2006b]. We explicitly defined
the velocity v of every point at the meristem surface in a reference frame at-
tached to the meristem centre z. The velocity v(x) of a point x at the meristem
surface is assumed to be proportional to its distance to the meristem centre:
v(xz) = plr — 2|, thus simulating isotropic radial growth Douady and Couder
[1996a]. The constant p defines the relative elementary growth rate in the radial
direction [Nakielski and Hejnowicz, 2003]. Due to this global kinetic process,
the vertices of each cell move toward the meristem periphery with a velocity
growing exponentially. This makes the cells grow smoothly as they move away

from the meristem centre. As soon as a cell surface exceeds a constant threshold
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Smaz, the cell divides by creating a new wall inside. The position of this wall
is computed using a modification of the optimization criterion introduced by
Nakielski [2000], i.e. finding a wall that both minimizes the distance between
two opposite walls of the cell and that divides the cell into two polygons with
the same surface. Then, similarly to Smith et al. [2006b], the cell vertices of
newly created walls are slightly moved toward each other to provide a more
realistic aspect. After a cell division event, the auxin concentration and PIN
concentration in the membranes are inherited by the daughter cells from their
parent. Primordium identity is inherited by randomly choosing one daughter of
the primordium cell as the new primordium cell. The new membrane is initial-
ized with /3, concentration of PIN on both sides. Finally, to keep a constant
size of the overall simulation, a cell 4 that is too far away from the meristem
centre z (its centroid o; is at a distance greater than Rg;,,) is removed from the

simulation.

In order to integrate in a single model the different processes involved in the
system, i.e. auxin transport, cell growth, division, PIN allocation, and cell dif-
ferentiation, we assume that these processes take place at different scales. Auxin
transport is supposed to be much faster than growth and cell differentiation so

that in the growing meristem, auxin concentrations are always at equilibrium.

2.2.2.4 Practical aspects of simulation

Numerical solving The non-linear system of equations describing the fluz-
based polarization model is integrated using the Scipy package designed for
ODE solving Jones et al. [2001]. The integration algorithm uses the Adams
predictor-corrector method in the non-stiff case Curtiss and Hirschfelder [1952].
Solver iterations are performed until a stable state is obtained, i.e. until change
in auxin concentration becomes less than a predefined threshold value €,,;, in

every cell.

Boundary and initial conditions The boundary conditions for every simu-
lation are specified in the supplementary material. In most simulations bound-
ary cells do not receive any auxin flux from the outside and we assume fixed,
null concentration in sinks. In all simulations we assume that the initial auxin
concentrations are null and PIN concentration on both sides of the membrane

are initiated with a basic amount of PIN «a,,/0,.

Visualisation and simulation environment The visualization of tissue

simulations was carried out with PlantGL, an open-source graphic toolkit for
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the creation, simulation and analysis of 3D virtual plants [Pradal et al., 2007]
available in the OpenAlea software platform for plant modelling [Pradal et al.,
2008].

General convention for figures In all figures representing 1D or 2D tissues,
we adopted the following graphical conventions: the absence of auxin in a cell is
represented by black while the highest concentration is shown in bright green.
Intermediate concentrations are represented by interpolations between these two
extremes (see supplementary materials). PIN transporters at the membrane of
a cell 7 are represented as a red line. The thickness of this line is proportional
to the amount of PIN.

Supplementary materials For every figure showing a dynamic system, we
provide a corresponding movie to capture system dynamics. Movies are available
as supplementary materials and named after the figures. Supplementary text
is provided, specifying equations, parameters, boundary and initial conditions

and display specific conventions.

2.2.3 Results

The study of systems controlled by fluz-based polarization is not straightforward
as the process relies on a feedback loop between auxin concentrations and auxin
fluxes in tissues. To address this problem, we first defined different remarkable
properties of the fluz-based polarization that are essential in the generation
of patterns. These properties are illustrated on simplified 1D or 2D “virtual
tissues”. The sensitivity of the model for different parameters was tested. As
expected, the system was more dependent on certain parameter values, but
overall the results were robust (see supplementary materials). Based on this
analysis, we then investigated the ability of fluz-based polarization to produce
phyllotactic patterns at the SAM in a way that is consistent with the current

biological knowledge and observations.

Flux-based polarization amplifies fluxes The fluz-based hypothesis, pro-
poses that any small flux between two cells in the system will reinforce itself by
increasing the local amount of PIN, thus initiating a positive feedback loop. Ini-
tial fluxes may typically be generated by diffusion between zones with different
concentrations. We illustrated this phenomenon on a 1-dimensional tissue with
two perfect auxin sinks at both extremities (Figure 2.7A). Auxin is produced

in every cell except the sink cells. Initially, the highest flux appears close to
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Figure 2.7: Canalization in a 1-dimensional cellular system.
Figures 2.7A-2.7B show the system consists of 20 linearly aligned cells.
Boundary cells are acting as sinks, hence they evacuate or degrade auxin. At
the start of the simulation the cells do not contain auxin. Then the simulation
runs until a stable state emerges. On the two first plots (2.7A and 2.7B) the
blue and red lines correspond to PIN concentrations at the right and left side
of the membranes respectively. The two systems differ only by the way auxin
is removed: in 2.7A we assume that the removal in the sink cells is very
efficient whereas in 2.7B the removal efficiency is limited. This difference leads
us to two different stationary patterns in which the auxin gradients are
opposite and the sink cells are minima of auxin 2.7A or maxima 2.7B. Figures
2.7¢ and 2.7D present a further analysis of the conditions leading to pumping
against or with the gradient. For this purpose a system of two cells sharing
one membrane was analysed. Figure 2.7¢C presents the concentrations of auxin
in the two cells in the stable state as a function of the degradation rate g3 of
the sink. The green curve corresponds to auxin concentrations in the source
cell, the blue curve corresponds to auxin concentrations in the sink cell. In the
grey region, pumping is carried out against the auxin gradient, while in the
white region, pumping follows the gradient. Figure 2.7D shows similar curves
for the variation of the feedback strength  of flux on PIN synthesis.
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the sink cells, due to diffusion. This small initial flux is subsequently reinforced
by a polar allocation of PIN transporters favouring the evacuation of auxin in
the direction initiated by the original flux. If the auxin sink is maintained, the
auxin flux reaches a stable state with the maximum concentration of auxin ap-
pearing at the maximal distance from both sinks (Figure 2.7A). Figure 2.7A
shows that the concentration of PIN at each cell membrane linearly increases
from the location of the auxin maximum up to the sinks. This is because each
cell is producing auxin at a constant rate a, and in the stationary state the
amount of removed auxin must be balanced by auxin synthesis (if we neglect
auxin degradation). It implies that the auxin flux should grow linearly in the
direction of the closest sink. If the feedback function @ is linear, this results in
a linearly increasing allocation of PINs to the cell membranes in the direction

of the closest sink.

Flux-based polarization allows auxin to flow with or against auxin
gradients Although the molecular mechanism underlying PIN polarization is
still unknown, PIN proteins can polarize either with or against the gradient
of auxin Heisler et al. [2006], Scarpella et al. [2006], Vieten et al. [2007]. If a
unique transport mechanism is operating in the plant it should thus be able to
reproduce this property. In the previous example, auxin fluxes were amplified
from regions of high concentration of auxin to regions of low concentration

(Figure 2.7A). Auxin thus flowed with the auxin gradient.

To show that fluz-based polarization can also lead to flow against the gradient,
we modified the above 1-dimensional model by weakening the sinks in such a
way that they were only able to degrade auxin at a finite constant rate. This
simple modification produces a drastic change in the system’s behaviour. The
auxin gradient is now reversed in the stable state, with highest concentrations
at the sink locations and lowest in the places maximizing the distance to all
sinks (Figure 2.7B).

To study the conditions for either pumping with or against the gradient, we
considered a system of two cells sharing a membrane. One cell is a source of
auxin while the other acts as a sink destroying auxin at a constant rate. Once
this system reaches a stable state, the net flux across the membranes separating
the two cells is exactly equal to the rate at which the source creates auxin
and leads to a polarization of PIN from the source to the sink. Depending on
the model parameters, the system can reach different levels of concentration in
both cells. Two regimes may be obtained as shown by the graphs (Figures 2.7¢
and 2.7D). The transition between both regimes, pumping with or against the
gradient, can be obtained by varying different parameters of the model such as



CHAPTER 2. FLUX-BASED MODEL OF PHYLLOTAXIS 94

A Linear ® B cubic ®

Figure 2.8: Weak and strong regimes on 2D hexagonal lattices.
The sink cells are tagged with blue dots. Figure 2.2.3 shows the stable state
in case of a weak regime. At the end of the simulation the auxin concentration
is progressively increasing with the distance from the sink. PIN, marked in
red, is present in all cells leading to a laminar flow over the entire surface.
Figure 2.2.3 shows the stable state of a strong regime with one sink leading to
the formation of canals (where PIN is present) and patches of cells without
transporter. This system corresponds to the original canalization concept.

the feedback strength and the degradation rate (Figure 2.7).

Fluz-based polarization has two different regimes (weak and strong)
Initially, the fluz-based polarization hypothesis was introduced to model the
formation of vascular canals in stem and leaf tissues, as an integral part of
the canalization concept Mitchison [1980a, 1981], Feugier et al. [2005], Runions
et al. [2005], Fujita and Mochizuki [2006]. Using this mechanism in the meristem
may seem in contradiction with the absence of canals at the meristem surface.
Feugier et al. Feugier et al. [2005] demonstrated that a fluzed-based polarization
mechanism where the feedback function ® was linear did not result in the forma-
tion of canals in a tissue. We further confirmed this by comparing the behaviour
of auxin transporters in a 2D sheet of cells showing weak or strong feedback.
When the feedback function @ is non-accelerating (increasing linearly or less
rapidly than linearly) the process creates laminar flows transported by homoge-
neous arrangement of PINs and converging to the sink (Figure 2.2.3). We refer
to such a system as a weak regime. Conversely, when the feedback function ®
is accelerating (increasing more rapidly than linearly), canals appear, creating
branching structures in the 2D tissue (Figure 2.2.3). We will call such a sys-
tem a strong regime. In both cases, fluxes may be oriented with or against the

gradient, depending on the model parameters and boundary conditions.

The weak regime can produce fields of lateral inhibition of varying in-
tensities As explained earlier, the most widely accepted theory of phyllotaxy
relies on the formation of inhibitory fields around each primordium. Recent

models propose that these fields are in fact zones where auxin is depleted [Snow
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Figure 2.9: Inhibitory fields induced by a fluz-based polarization system.
The size of the field changes according to the value of parameter x which
regulates the feedback of fluxes on PIN pumps synthesis.

and Snow, 1962, Douady and Couder, 1996a, Smith et al., 2006a]. To show that
fluz-based polarization can indeed be considered as a plausible mechanism, we

demonstrate that it can generate such inhibitory fields with varying intensities.

A weak regime (as in Figure 2.2.3) leads to the formation of a zone around the
sink where auxin is depleted. The intensity of the auxin depletion fields around
sinks can be changed by tuning the parameter s that controls the feedback
level of auxin fluxes on PIN insertion in the membranes. Figure 2.9 shows
the extent of inhibitory fields (in black) around the blue sinks for increasing
values of parameter . PIN is regularly distributed throughout the tissue, with
a polarity that is determined by the relative distance of the cell to the different
sinks. The weak regime thus makes it possible to vary the auxin depletion level
around sinks. It therefore provides a plausible explanation for the formation of

inhibitory fields during organ initiation at the SAM.

Flux-based polarization as a source of patterning in a growing struc-
ture The mechanism that controls PIN orientation in cells takes place in a
growing structure. Therefore we constructed a dynamic model with dividing
and growing cells. As before, we assume that all cells create auxin except for
a limited number of cells marked as sinks in which auxin concentration is fixed
at 0. To produce phyllotactic patterns, the combination of fluz-based polariza-
tion hypothesis and tissue growth should therefore show a recurrent, temporal
patterning property. We show this property in a simplified 1D model by in-
troducing a sink creation threshold, i.e. an auxin concentration at which a
new auxin sink is created. In a growing system, neighbouring auxin sinks are
pushed apart. Due to the weakening of the sink influence and the constant
local hormone production the level of auxin increases in the zone between these
two sinks. At a particular auxin threshold (the sink initiation threshold w), the
amount of hormone is sufficient to initiate a new sink at the location which is

the farthest from the two sinks, Figures 2.10A-2.10B. As a result of sink cre-
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Figure 2.10: Dynamic patterning with fluz-based polarization.
Figures 2.10A-2.10B, 2.100-2.10D and 2.10E-2.10F present three simulations
with different thresholds w for primordium initiation. Figures 2.10A, 2.10¢,
2.10E present the step just before primordium initiation and Figures 2.10B,
2.10D, 2.10F present the step just after primordium initiation. The frequency
of primordium initiation increases with a decrease of the initiation threshold w.
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Figure 2.11: SAM digitalization.
Figure 2.11A shows the PIN distribution in a real meristem obtained using
immunolabelling (top view). Figure 2.11B shows the same image with marked
primordia cells (blue dots) and central zone cells (white dots). Figure 2.11c
shows the reproduction of PIN distribution and polarity in a digitized version
of the same image.

ation, some of the PIN pumps reverse toward the new sink, with PIN and auxin
patterns similar to that of the previous sinks. By changing the sink initiation
threshold w, it is possible to augment or to decrease the initiation frequency,
Figures 2.10¢-2.10D and 2.10E-2.10F. In the supplementary materials we show
in details how the initiation frequency depends on different model parameters.

Flux-based polarization model can reproduce observed PIN maps and
realistic influence zones In Barbier et al. (2006), we showed that the distri-
bution of PIN at the SAM (called “PIN map”) has a number of specific features
[Barbier de Reuille et al., 2006]. As illustrated in Figure 2.11, PIN labelled
membranes are pointing towards their nearest primordium (blue dots in Figures
2.11B-2.11¢). In addition, a significant number of cells appear to transport
auxin to the meristem summit. A plausible model of phyllotaxy should be able
to reproduce similar distributions of PIN.

To determine to what extent the fluz-based polarization model could reproduce
realistic PIN maps, we digitized the cell walls on the images of real meristems,
immunolabelled to visualize PIN. We recorded the PIN orientation in each cell
as described in Barbier de Reuille et al. [2006] (called real PIN maps as in Figure
2.11c¢). The position of each primordium could be clearly identified as indicated
by the convergence of PIN toward particular cells and the presence of vascular
strands below these primordia seen on other sections of the same meristem (blue
dots in Figure 2.11B, longitudinal image data not shown). We also designated

a central zone of about 6 cells in diameter at the meristem summit. This zone
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Figure 2.12: Simulation of auxin transport in a digitized meristem based on the
fluz-based polarization hypothesis.

The cells and primordia of the real meristem shown in Figure 2.11 were used
to initialize the system, and the virtual PIN maps were then calculated based
on the fluz-based polarization hypothesis. Green intensity is proportional to
the virtual auxin concentration. Figure 2.12A shows a simulation where the
centre plays no special role in the auxin flux. Figure 2.12B shows a simulation
where the centre degrades auxin.

is usually free of primordia in the wild type Arabidopsis SAM.

We then simulated the emerging arrangement of PIN distributions according to
the fluz-based polarization hypothesis on the digitized maps. Primordia were
considered as perfect sinks while all other cells in the meristem were assumed to
produce auxin at a fixed rate according to Equation 2.6. The resulting PIN dis-
tributions are shown in Figure 2.12. Close to the primordia, the simulated PIN
arrangements are converging towards the sink cell and look similar to the PIN
arrangements on the real PIN maps (Figure 2.114). Besides, auxin accumulates
at the position where one would expect the next initium in a spiral phyllotaxy
(Figure 2.12A). However, contrary to real PIN maps, virtual PIN patterns did
not show any significant converging tendency towards the centre of the meris-
tem. To overcome this discrepancy, we made a second simulation, where the cells
in the meristem centre were assumed to degrade auxin at a higher rate. While
the convergence of PIN toward the primordia cells is preserved, an additional
convergence of PIN toward the centre is now observed, reflecting more faithfully
the observed distributions of PIN in the immunolabelling images (compare Fig-
ures 2.11c and 2.12b). The same result were obtained by reducing the synthesis

of auxin in the central zone of the meristem (result not shown).

To go beyond a simple visual inspection for similarity, we computed the so-called
influence zones of the primordia and of the central zone in the real meristem and
compared them to those in the simulated meristems. The influence zone of a
region (i.e. a cluster of cells) is the set of meristem cells that are connected to a
cell of the considered region through a path of PIN arcs oriented in the direction

of this region. Figure 2.13 shows the influence zones of different regions (centre
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and primordia) on real (Figures 2.13A-2.13D) and simulated (Figures 2.13E-
2.13L) PIN maps. In real maps, pumps are distributed in such a way that auxin
can reach the central zone from all the directions between each pair of primordia
(with a small auxin pathway between primordia Py and P, a larger one between
primordia Py and P; and the largest pathway between P; and P,). Influence
zones of the primordia are restricted to the neighbourhood of each primordium
and do not extensively overlap with the cells of the central zone. We then
computed the influence zones from the first simulation where the central zone
did not act as a sink. This showed important differences with the real maps.
For the central zone , only two auxin pathways of equivalent width could be
observed while the pathway between Py and P, had disappeared (Figure 2.13E).
In addition, the influence zone of P, largely crossed the meristem centre in 2.13F
in contrast to what was observed on the real map. The influence zones of the
simulations with auxin depletion in the centre showed better agreement with
the influence zones computed from real PIN maps: with three auxin pathways
of gradually increasing width going to the meristem centre and the influence
zones of primordia being almost non-overlapping with cells in the central zone
(Figures 2.131-2.13L).

Formation of phyllotactic patterns and pro-vascular strands Based
on the preceding results, we designed a dynamic model of phyllotaxy using
the fluz-based polarization hypothesis. The epidermal and sub-epidermal layers
were assumed to be relatively independent, except at the primordia were the
two interact by exchanging auxin. This assumption was based on the gener-
ally accepted hypothesis that auxin is accumulated in the L1 layer due to the
presence of influx carriers of the AUX/LAX family on the cell membranes [Rein-
hardt et al., 2003]. This made it possible to simulate auxin transport at the
surface and in internal layers separately and to summarize their interactions as
boundary conditions. Since in the L1 layer no channels of auxin transport are
observed, we supposed that the weak regime prevailed at the surface. For vein

formation in inner tissues, we supposed that a strong regime was active.

The simulations using the model characteristics described above resulted in a
dynamic pattern of auxin distribution and primordium formation. The following
general scenario was observed. In the L1 layer, each primordium evacuates auxin
by its pro-vascular system to the inner parts of the meristem. In the L1, the
primordium can thus be considered as a sink depleting auxin in its immediate
neighbourhood. This in turn inhibits the formation of new primordia close to
the existing ones (Figure 2.14A). Due to cell growth, primordia progressively

move away from each other, which allows the accumulation of auxin in cells
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Figure 2.13: Influence zone analysis.

The influence zones calculated for the central zone (first column), Py (second
column), P; (third column), P5 (fourth column) in real and simulated maps.
Figures 2.13A-2.13D show the influence zones in a real map. Figures 2.13E-
2.13H show the influence zones in digitized maps where PIN labelling was calcu-
lated based on the fluz-based hypothesis. In this simulation, cells in the central
zone are identical to other cells. Primordia (blue cells) are perfect sinks. Figures
2.131-2.13L shows a simulation based on the fluz-based polarization hypothesis,
but here both primordia and cells in the central zone (white cells) are removing
auxin. Note that qualitatively the last simulation shows a better match with
the original real map.
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Figure 2.14: Dynamic models.

Figures 2.14A-2.14E, 2D top view of a virtual meristem following the flux-
based model showing the dynamics of PIN distribution, auxin concentrations
and primordia initiation. The sequence shows the initiation of two consecutive
primordia (arrowheads). The sequence starts with auxin accumulation in the
zone that is the farthest away from the existing primordia. When a threshold is
reached, the maximum acquires primordium identity and becomes a sink. Figure
2.14F shows the variation of the angles between 65 consecutive primordia. Note
that the mean value is close to the golden angle (137°5) typical for spiralled
phyllotaxis as observed in Arabidopsis. Figures 2.14G-2.141, 2D transversal cut
of a virtual meristem following the flux-based model showing the dynamics of
PIN distribution, leading to the formation of a pro-vascular strand of cells that
transport auxin downwards. Detailed description in the text.
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sufficiently distant from these young organs. As a result a new maximum of
auxin concentration gradually appears in the region maximally separated from
all primordia, thus defining the location of the next initium (Figure 2.14G).
As soon as the auxin concentration exceeds a predefined threshold in a cell
belonging to the competent zone surrounding the central zone, this cell and its
immediate neighbours acquire primordium identity (Figure 2.14B). This implies
that auxin can leak at the initium location into the inner layers, which triggers
the creation of the primordium vascular strand (Figure 2.14H). The vein being
formed below the initium drains the auxin out from the L1 layer and converts
the initium into an auxin minimum (Figures 2.14c¢, 2.14H). The flux induced
by this process reverses pump polarizations in the direction of the initium in
the L1 (Figures 2.14c¢, 2.141). Then, due to tissue growth, new space becomes
available allowing the system to generate a new initium. (Figures 2.14D-2.14E).
This system is able to produce a stable phyllotactic pattern, with a mean angle
close to the golden angle, 137°5 (Figure 2.14F) observed in Arabidopsis and

characteristic for spiralled phyllotaxis.

An obvious simplification in this model is the assumption that an instant drop
in the auxin concentration occurs when cells of L1 acquire primordium identity.
However, modifying the rate at which the auxin concentration changes at the
initium showed that an immediate drop gives qualitatively the same patterns as
a gradual reduction over time (simulation not included). Since this would add
another parameter to the model we kept this simplification.

2.2.4 Discussion

We show here that fluz-based model provides a realistic explanation for phyl-
lotaxis, predicting patterns of PIN distribution that are very similar to the
observed ones. The model leads to a classical inhibitory field scenario where
the very young primordia pumps auxin towards the inner tissues, draining the
hormone away from their immediate vicinity. As long as these sinks are close
to the competence zone, no new primordia can be formed. However, as growth
drives the sinks away, auxin concentration can build up again locally because of
synthesis and transport, creating a new auxin maximum. The model proposes
that the import capacity of the L1 layer at the surface is overridden when a
certain auxin concentration threshold is reached after which the hormone starts
to leak away to inner tissues. This initial diffusion-driven flux will be reinforced
by fluz-based polarization. This in turn will rapidly create an auxin transport
channel connecting the local surface maximum to the inner vasculature and

transforming it into a sink. The main requirement here is that fluz-based polar-
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Figure 2.15: Fluz-based polarization model of the root meristem.
Fluz-based polarization hypothesis is compatible with the maintenance of an
auxin maximum and with the general organisation of PIN at the root tip. Fig-
ure 2.15A shows the existence of a stable auxin maximum at the root tip as
evidenced by the DR5:GFP marker [Okada et al., 1991, Grieneisen et al., 2007].
At the shoot apex, the general organisation of the different PIN transporters
in the different tissues suggests a flux going downward via the vascular tissues
and than spreading out over superficial layers “like a fountain” (Figure 2.15B).
Figure 2.15C shows a digitized root apex based on a real optical section from an
Arabidopsis root (not shown, image taken by Tom Beeckman). Similarly to PIN
maps at the shoot apex, the polarity of PIN was recorded in each cell. This PIN
map was used as an initial condition for the simulation. The cellular system was
provided with a fixed global quantity of auxin initially divided equally over the
tissue. In addition, two border cells of the epidermis were chosen as auxin sinks,
to comply with the biological assumption that a fraction of auxin is evacuated
from the root tip along the epidermis [Swarup et al., 2005]. Auxin arriving in
these sink cells is completely depleted at each simulation step. In addition, a
permanent auxin source was added on the border of the central vascular system
providing auxin in a constant fashion, in accordance to biological auxin source
localisation in the vascular bundle. Simulations revealed that transporter dy-
namics based on fluz-based polarization are sufficient to enable and maintain
auxin accumulation in the collumella and quiescent centre Figure 2.15C, as ob-
served in Figure 2.15A. Additionally, realistic transporter distribution profile
was maintained by the fluz-based polarization mechanism.

ization should be relatively weak at the surface, switching to a strong regime in
inwards directed fluxes. This switch from one regime to the other could directly
depend on the amount of auxin flowing through the cell, but it could also be
activated indirectly as part of the differentiation process induced by high auxin
concentrations. In such a scenario even a small leakage from the surface to the

inner parts would be very rapidly amplified.

Flux-based polarization hypothesis as a unifying concept Fluz-based
polarization provides an alternative explanation for phyllotaxis. Indeed, since
it allows for transport with and against gradients, it also provides a plausible
explanation for the stable auxin maxima observed in roots and leaves. This
is illustrated in Figure 2.15 where we have reproduced PIN and auxin distri-
butions in the root meristem using the flux based hypothesis. An important

caveat is that two different regimes are required in the model. As shown previ-
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Figure 2.16: Confocal image of a living meristem expressing a fluorescent version
of PIN (PIN1:GFP, a generous gift of J. Friml).

Figure 2.16A shows the higher expression of PIN at the surface around new
primordia is clearly observed. The yellow circle indicates the site where the
next organ will be initiated. The images show no very obvious reorientation of
PIN orientation at this site, although a pro-vascular strand expressing PIN is
clearly observed at this site (yellow circle on the individual section of the same
meristem in (2.16B).

ously by Feugier et al., only the weak regime can explain the absence of canals
as observed at the meristem surface [Feugier et al., 2005]. In this context it
is important to note that the weak regime has some characteristics in com-
mon with diffusion. In particular, both processes can lead to auxin transport
down the gradient. However, as auxin cannot freely diffuse between the cells,
the weak regime is fundamentally different and can only function if the cell is
able to sense fluxes. As long as the precise mechanism of PIN localisation is
not known, it will be difficult to predict whether each regime would require a
completely different cellular mechanism which would go against the idea of a
unifying concept. However, it seems reasonable to propose that both regimes
correspond to different states of the same flux sensing mechanism. We therefore
conclude that the fluz-based hypothesis remains a potential unifying mechanism

for auxin transport throughout the plant.

Confronting the flux-based polarization hypotheses with experimental
results Having established that the fluz-based polarization model can repro-
duce phyllotactic patterns, it now becomes important to test the hypothesis as

rigorously as possible. We have made a first step towards this procedure by
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Figure 2.17: The simulation 2.12b showing the predicted levels of auxin concen-
tration (2.17A) and flux intensity (2.17B ).

Note the sharp peaks observed in (2.17B), comparable to DR5rev:GFP peaks
observed in vivo [Barbier de Reuille et al., 2006].

comparing the predicted PIN protein patterns with the observed ones. While
this in itself is a stringent test, so far not performed on other models, the fluz-
based model should also be coherent with other existing data. In the following

paragraphs we will discuss a number of its implications.

A uxin concentrations at the L1 layer Like the concentration-based model,
the fluz-based model requires that the patterning process mainly occurs in the
L1 layer. This is based on the idea that auxin is concentrated there by auxin
importers (AUX1 and LAX proteins) that are strongly expressed in the L1. In
addition, the highly organised distribution of PIN at the meristem surface also
indicates that the patterning process mainly occurs in the L1 layer. This might
seem contradictory with the phenotypes of mutants where the auxin importers
are impaired and which are still able to generate primordia. It should be noted,
however, that other factors such as the human multiple drug resistance/P-
glycoproteins (MDR/PGPs) are also involved in auxin influx [Blakeslee et al.,
2007] and could guarantee the presence of sufficiently high levels of auxin in the
L1 layer when the AUX/LAX proteins are inactivated. We therefore conclude
that overall our model is in line with the experimental data supporting a major

role of the meristem surface in phyllotaxis.

Auxin and the central zone An intriguing aspect of our model concerns
the central zone (CZ) cells. Like the concentration-based model, the fluz-based
model does not require any particular property of this zone, other than a lack of
competence to generate a primordium. We could, however, only obtain realistic
patterns of PIN distribution when we attributed a sink function to this zone.
This is in line with earlier observations by Barbier et al. (2006) who provided

evidence that the CZ receives auxin fluxes [Barbier de Reuille et al., 2006].
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However, the sink function of the CZ required by the fluz-based model seems
in contradiction with the same study showing the presence of relatively high
auxin levels there. It is therefore important to note that in the fluz-based model
the concentration in the CZ is not much lower than in the other peripheral
zone cells, and is certainly significantly higher than in the primordium cells.
Therefore on average the model would predict higher concentrations in the CZ
than in the periphery as reported by Barbier et al. (2006)). As a result there
does not appear to be any conflict between earlier observations and the fluz-

based hypothesis.

A uxin concentrations and PIN dynamics The primordia in the fluz-based
model could be maxima or minima of auxin concentration with pumps oriented
towards them. If they are maxima, however, auxin concentration in the meris-
tem would decrease slowly from the maximum value (at the primordia location)
to lower values as we get further away from the primordia. In this context,
the point that is the furthest from all of the primordia in the competence zone
would be a minimum of auxin concentration, therefore new initium could not
be formed there. It is thus a requirement of the fluz-based model that the pri-
mordia are rapidly transformed into minima of auxin concentration to obtain

phyllotactic patterns.

The fluz-based model scenario proposes that a relatively broad auxin peak leads
to an inward flow which rapidly leads to the formation of an auxin minimum.
It is the formation of this minimum that will reorient the PIN transporters in
surrounding cells. This scenario seems in contradiction with earlier observations
suggesting that (i) the reorientation of PIN transporters precedes the initiation
of the young organ and (ii) that an auxin maximum is maintained at the young
primordium. There are several explanation for these apparent contradictions.

First, it has not been unambiguously established that the PIN transporters
orient before the initiation of the inward flux marked by the formation of the
pro-vascular strand. Heisler et al. [2005] showed that there is some reorganisa-
tion of PINs before this strand is formed but did not report clear converging
transporters. In accordance with this, we have observed the presence of PIN in
the internal tissues at a moment where the transporters were not clearly con-
verging (Figure 2.16). We therefore conclude that the precise timing has not
been sufficiently well established to draw clear conclusions.

Second, the supposed stable auxin maximum at the young initium has been re-
vealed using the so-called DR5rev promoter driving the green fluorescent protein

(GFP). This promoter contains an auxin responsive element and is activated by
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auxin responsive transcription factors. While it is often presented as a quan-
titative auxin sensor, it is in fact only a very indirect marker which not only
depends on the amount of hormone but also on the capacity of cells to react
to it. In addition the fluorescent GFP marker can be stable for prolonged pe-
riods, and could therefore mask rapid changes in the activity of the promoter.
It is therefore possible that the precise fluctuations in auxin concentrations at
the primordium have not been unambiguously established. In addition, DR5rev
might not only mark high auxin concentrations but could also be activated by
other factors or even by high auxin fluxes. Indeed, in principle high fluxes could,
in terms of the number of particles reaching the nuclear receptor, be equivalent
to high concentrations. Interestingly, our simulations show that a fluz-based
activation of DRbrev would give sharp maxima, very comparable to what is

observed in vivo (Figure 2.17).

General conclusion In this study we have shown that the fluz-based polar-
ization model is a plausible alternative to the existing concentration-based model
for phyllotaxis. Fortunately, both models make different predictions regarding
the sequence of events, the maintenance of auxin maxima or the presence of
auxin sinks at particular sites. In particular, the fluz-based polarization model
requires the rapid conversion of an auxin maximum into a minimum. Further
experimentation should therefore make it possible to distinguish between the
two models. A careful and quantified description of cell behaviour (e.g. PIN
distribution) should be part of this approach. We are further testing this by
using transgenic approaches aimed at modifying the capacity of these cells to
transport auxin or by changing the auxin content in the same cells. A major
scientific question concerns the actual mechanism involved in auxin transport.
Indeed a better insight into the process might also help to validate one or the
other polarization hypothesis. It is important to note, that both the fluz-based
and concentration- based models are obvious abstractions of reality. They both
do not, for instance, take into account inter-cellular spaces nor do they indicate
how auxin fluxes or auxin concentration gradients are sensed. A process like
the fluz-based polarization mechanism described here could, therefore, be much
more complex than just PIN proteins sensing auxin particles flowing through
the cell. What is important here is that the overall behaviour of the system
can be described accurately by flux-based polarization model with predicted,

testable properties.
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2.2.5 Supplementary materials
2.2.5.1 Simulation overview
Conventions

Notations: In the equations describing changes in PIN and auxin concentra-
tions we use the Iverson notation Iverson [1962], Knuth [1992]: if ¢ denotes a

logic statement then,

1 if¢is True

0 otherwise

Supplementary movies: For each figure demonstrating a system changing
in time, a movie showing the process dynamics is provided. These movies are
named after the Figures with supplementary letter “S” at the beginning (e.g.
the movie corresponding to Figure 2B is called “VideoS2B.avi”).

PIN display conventions: The thickness of the line representing the PIN
accumulation at a cell membrane is proportional to the computed PIN concen-
tration at this membrane. However, high values are truncated to allow better
inspection of visual results. The minimal displayed value of PIN concentration
is always equal to «,/3,, whereas the higher value corresponds to the maximum
displayed concentration of PIN, which is 2a,,/8,. All values of PIN exceeding
this value are capped to 2a,/08,, allowing a ratio of 200% between extreme

values.

Auxin display conventions: Auxin concentrations below minimal (resp.
above maximal) threshold a;,;, (resp. amas) are depicted in black RGB(0,0,0)
(resp. in green RGB(0,255,0)). Intermediate values of auxin concentrations are
depicted with a double linear interpolation function: a percentage pp,;q of the
visible auxin range [@maz, @min] defines the auxin concentration a,, for which
the colour should be intermediate RGB(0,127,0). Colours are then linearly
interpolated between a.,;, and a,, and a,, and a,,q, respectively to render the
colour of any auxin concentration within the interval [a,mq4, @min]. Values for

parameters Ppid, Gmaz, Amin are defined for each simulation in table 2.1.

Integration: The number of snapshots was specified for each simulation, as
well as fixed step h which describes the time between each two consecutive time-

points used for integration. For each simulation a number of steps is also given.
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This number is used to integrate the system with a given h between taking a
snapshot. For some simulations the number of steps may vary if the objective
is to obtain a quasi stable state between the snapshots (e.g.. simulation of
phyllotaxis). A stable state is reached when the change in TAA concentrations
in every cell becomes less than a predefined threshold value €, (using Lo,
norm). In such a case the time interval between each snapshot may be different.
If it is the case it is specified in the simulation details.

At each step a non-linear system of equations describing the flux-based polar-
ization process is integrated using the SciPy package designed for ODE solving
Jones et al. [2001]. This package wraps ODE PACK, which is a collection of
Fortran solvers for the initial value problem for Ordinary Differential Equation
systems Hindmarsh [1983]. This solver allowed us to specify the precision on
given integration interval (the step size is then adjusted automatically by solving

algorithm).

2.2.5.2 Sensitivity analysis of the 1D flux-based polarization model

To test the sensitivity of the model results to variations of the model param-
eters, we made a sensitivity analysis on the 1D dynamic models of the type
presented in Figure 5 in the main text and depicted in 5F simulation described
below. We assume that the 1D medium is growing at constant velocity vy from
the 1D tissue centre. Let us call f the frequency at which a new primordium
is generated during a particular simulation. f typically depends on the model
parameters: a, Bp, Qa, Ba, Ya-Ya-w,CZsize. We define a reference frequency fo
as the frequency corresponding to the model parameters defined in simulation
5F. To perform the analysis each parameter of the model is independently aug-
mented by a factor ke where k € [—3,—2,...,5] and ¢ = 10%. The competence
zone size was also included in the tests, but due to its discrete nature it was
augmented by a specific factor (see Figure 2.18 for the exact values). The Figure
2.18 shows the dependency of the relative change in frequency f/f, with respect

to each parameter change.

The sensitivity analysis confirms a number of intuitive predictions:

1. The increase of auxin synthesis «, (or decrease of auxin decay (3, ) increases
f- Results suggest that the model is very sensitive to the amount of auxin
in the meristem. Too low auxin synthesis (change by more than 10%) or
too high degradation (change by more than 20%) stops the formation of
patterns. This can be noted by observing «,, 3, curves.
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Figure 2.18: Plot showing the influence of the parameter change on the relative
change in frequency f/fo in a 1D model.
On z-axis: k, on y-axis: f/fo.

2. The increase of auxin transport (passive y4 or active v, ) decreases f. More
efficient transport depletes the auxin faster from the meristem surface,
increasing the inhibitory range of the primordium and increasing the time

between the initiation of the consecutive primordia.

3. The increase of PIN background insertion into the membrane «,, (or de-
crease of PIN removal (,) increases the strength of the active transport,

therefore it decreases f. This can be observed in oy, 3, curves.

4. The increase of competence zone size CZg;,. leads to an increase of f.
This observation is consistent with biology and other inhibitory field model
predictions [Douady and Couder, 1996a, Smith et al., 2006a].

5. The increase of the primordium initiation threshold w decreases f.

The sensitivity analysis of 1D flux-based dynamic system shows that i) the
patterning capabilities of the model are kept for a range of parameter values
1) auxin synthesis, auxin decay and the primordia initiation threshold have the
the biggest impact on the frequency f.
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2.2.5.3 Sensitivity of the 2D flux-based polarization model to noise

The proposed mechanism of dynamic patterning depends on the detection of the
locations where the auxin concentration exceeds a given threshold w. The cells
at this location differentiate and become sinks. We tested how sensitive this
model is to the random auxin fluctuations in the system. This was achieved
by i) adding noise to the already established auxin patterns and checking at
what level the noise was able to perturb the PIN polarization pattern (in a non-
growing tissue), ii) change the primordia initiation threshold w in each cell by
adding a noise with controlled amplitude to check the stability of primordium
formation during development. The tests were performed on a system that was
able to generate spiral phyllotaxy (equations and parameters were set according
to Simulation 9A).

Let m;_.; be the membrane in cell ¢ at the interface with cell j and M denote
the set of all the membrane interfaces in the considered tissue. For each time ¢,
we denote P,,(t) the concentration of PIN in this m € M at time ¢.

In the first case, the arbitrary frame of Simulation 9A was chosen. This frame
was describing system state at reference time ¢3. Then auxin concentration was
modified in each cell by adding a white noise of amplitude § = k5% (for k €
{1,2,..,5}). Then the system of equations describing the PIN and auxin dynam-
ics was resolved, until a new stable state was reached. Then, the new PIN dis-
tributions P’ (tg) were compared with the initial distributions P,,(to) for every
m € M. The comparision between the simulation was done by comparing the av-
erage difference of PIN concentration s = (1/[M]) > cas [P, (to) — Pim(to)| /P (o),
where |M| denotes the size of M. As a result, we could observe that, the aver-
age difference of PIN concentration s was increasing with increasing values of k.
However, for each k, s was found less than 5% and the system reached a state
that was close to the original configuration. This showed that the flux-based

model is fairly robust to auxin level perturbation throughout the meristem.

In the second case the simulation was performed exactly as in Simulation 9A,
with one exception: the primordium initiation threshold w; was defined in every
cell 4 as a mean threshold w modified by an additive white noise of amplitude
§ = w2k% (k € {1,2,..,5}). This threshold noise was modified at every step
of the simulation. By increasing the noise with a fixed primordium initiation
threshold, we structurally change the speed at which primordia are detected,
which results in a change in the phyllotactic pattern. To avoid this situation, the
primordium initiation threshold w was increased by wd. The results showed that
the system is robust for low noise amplitudes: for k € {1,2} the system was able

to reproduce the spiral pattern with minor errors. These errors corresponded
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to occasional changes in spiral orientation (chirality) during development. The
system was fragile for higher noise (kK > 2). In such cases, spiral patterns
were not maintained. This suggests that flux-based polarization may require an

additional mechanisms to achieve high robust behaviour.

2.2.5.4 Simulations

The basic system of equations

The basic system of equations equations, which we use in the simulations are
defined as in the article:

da; Si—n
8t - - Z ‘/Z J1—>n + Qg — ﬂaai (28)
neN;
8pi,n
W =o (JZHn) +ap — Bppi,n (29)
Jien = Ya (aipi,n - anpn,i) + Vd (ai - an) (2'10)

KT x>0

Oy (x) = (2.11)
0 <0
ka2 x>0

Oo(z) = (2.12)
0 <0

In the forthcoming sections we report which basic equation is used and which
is modified for a particular simulation. The parameters for the system can be

found in the supplementary Table 2.1.

Figure 2A

Specification: The cells which belong to Si were selected as described in the
main article. The simulation was run for a fixed amount of steps. The system

reached stability before the last step.

Model:  We use equations 2.9, 2.11, we redefine 2.8, 2.10:
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aaati = <_ Z Jzﬂn + aq — ﬂaai> [Z ¢ SZ]

neN;

Ji—)n = Ya (aipi,n - anpn,i) )

And we assume that ® = ®;.

Figure 2B

Model: The simulation differs from 2.2.5.4 only by modifying equation 2.8 in

the following way:

00 S it Ga— (Ga + B i & 51 a

ot ol

All the parameters are exactly the same and can be found in the Table 2.1.

Figure 3A

Specification: The cells which belong to Si were selected and the simulation
was run for a fixed amount of steps. The system reached stability before the

last step.

Model: We use equations 2.9, 2.10, 2.11, we redefine 2.8:

88(? = ( Z Jz—»n + Qg — ﬁaai> [Z ¢ SZ]

neN;

And we assume that ® = &;.

Figure 3B

Specification: = The cells which belong to Si were selected and the simulation
was run for fixed amount of steps. The system was stable after the last step.
The figure presented in the text is not the last step of the simulation. The
system still develops and creates more complex vein pattern (with loops). This

evolution can be observed on the supporting movie.
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Model: We use equations 2.9, 2.10, 2.12, we redefine 2.8:

886? - <_ Z Jz~>n + g — ﬂaai> [Z ¢ SZ]

neN;

And we assume that ® = ®c.

Figure 4A-4D

Model: We use equations 2.9, 2.10, 2.11, we redefine 2.8:

aaczi = (— Z Jz—m + Qg — 6,1(11‘) [’L ¢ S’L]

neN;

And we assume that ® = &;.

Figure 5A-5F

Model: We use equations 2.9, 2.10, 2.11, we redefine 2.8:

88(;_1 = <_ Z Jzﬁn + g _ﬂaai> [2 ¢ PT’]

nenN;

And we assume that ® = ®;,.

Figure 7TA-7B

115

Specification: The simulation was run in two variants: with and without a

centre. In case of ” the simulation with a centre a subset of cells which belong

to Cz was chosen. These cells were degrading the auxin. The initial geometry

of the cells was acquired from confocal images. The simulation was run for 60

steps until it reached a stable state with a visible auxin maximum in the place

of the future initium.

Model: We use equations 2.9, 2.10, 2.11, we redefine 2.8:

ot Vi

And we assume that ® = &;.

da; _ ( Sin - (Ba+ B, [i ¢ Cz]) a) [i & Pr]
neN;
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Figure 9A-9E

Specification: To simulate the influence of old primordia, each primordium
'leaving the virtual meristem through growth tagged the closest neighbour cell
with a special cell identity (yellow dots).. This property was propagated over a
given time. The cells tagged as such were acting as sinks but the sink strength

was gradually decreasing with time

Model: We use equations 2.9, 2.10, 2.11, we redefine 2.8:

Oda; S;
L WJHﬁaa—(b’aJrﬁ;[i¢CZ])ai> i ¢ Pr]
ot ( n%:v Vi

And we assume that ® = ®;,.

Figure 9G-91

Specification: Cells with white dots are simulating old primordia and they
belong to Si set, cells with black dots are L1 cells and they belong to L1 set,
the cell with a blue dot is a new primordium and belongs to the Pr set (note: it
belongs to L1 set as well). We assume that the L1 cells are separated from the
inner cells except for the primordium cell. This cell is allowed to exchange the
auxin with both L1 and inner cells. The feedback from flux on PIN polarisation
in L1 and inner cells is different and it is modelled with a change in® function.

Also, the cells in L1 layer produce much more auxin than inner layer cells.

Model: We use equations 2.10, 2.11, 2.12 we redefine 2.8, 2.9:

For cells ¢ such as 7 € L1:

= <_ n;V 7 Jiom|n € L1Vi€ Prl + (oq + ap1) — Baal> [i ¢ 5]

Op; g
ot

=Or (Jij)[j € L1+ @L (Jiy) [j & L1] + o — Bppi

For cells i such as i ¢ L1:

5 = <_ H;V 7 Jion[n & L1Vi € Pr]+ a, — 5aaz> [i ¢ Si]
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Ipi,;

5 = c (Jimj) + ap — Bppij

Parameters: «o,. =0.3

L1

Figure 10C

Specification: The simulation was run until the system reached a stable state.

In this state an auxin maximum was established in the root apex.

We use equations 2.10, 2.9, 2.12 we redefine 2.8:

8ai - Slﬂn . .
5 = (— Z TZ‘JZHH + oy ﬁaal> [i ¢ S1]

neN;

And we assume that ® = ®c.

Initial conditions: Vi ¢ Si.a; = 0.3;Vi € Si.a; = 0.0;p; j = 1.00f PIN existsinvivo else(
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The simulation parameters.

Table 2.1
The “*” is used when the parameter is changed in complex way (which is ex-

plained in details in the text),

and LL_77

he “/” means alternative values used in simulation
s not included in the experiment equations. The

specified in the main article, however to adjust

- =g

means that the value

units for the parameters wer

them to cellular world all the m should be exchanged by um and mol by pumol.
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2.3 Comparison of flux-based and concentration-

based models in the context of phyllotaxis

Both, the concentration-based and fluz-based models are able to reproduce phyl-
lotactic patterns [Jonsson et al., 2006, Stoma et al., 2008]. This process of con-
secutive primordia formation can be seen in a simplified way as a mechanism
which requires four separated components: i) growth, making the space for new
organs ii) finding a position for a new initium #4) supplying auxin to this lo-
cation iv) development of vascular tissue below the initium. It is important to
note, that these components might not be sequencial, e.g. finding the position
of a primordium might be realized by concentrating auxin in a particular loca-
tion, thus these two components are rather parallel than sequential. Both, the
concentration-based and fluz-based models are based on the same mechanism to
determine the position of the new primordium i.e the detection of auxin accu-
mulation. However, the models differ by the way auxin is supplied towards the
centre of initium and by how the vasculature is developed. This difference led
us to a set of different predictions and requirements of the models which will be

explained in the following paragraphs.

2.3.1 Initiation of primordia

In the fluz-based model each primordium acts as a sink. It therefore lowers the
concentration of auxin in its closest neighbourhood. The concentration of auxin
in primordia is lower than in its neighbourhood. Due to growth of meristem pri-
mordia move away from each other (2.19F). This movement gradually increases
the concentration of auxin in the location between them (2.19G). When the con-
centration of auxin exceeds a certain threshold, the cell identities in this zone
change (2.19H). This identity change allows auxin to leak into L2 below initium,
which induces vascular formation (2.19I). The vasculature drains auxin, which
lowers its concentration in the initium (2.19J), and induces a flux towards the
future primordium. The initium acts as a sink and the flux towards it reverses

pump polarisations on the surface in the direction of the initium (2.19K).

In the concentration-based model each primordium acts by attracting auxin to-
wards it. The constant drainage of auxin towards a primordium lowers the
concentration of auxin in its neighbourhood. Since a removal of auxin from

the L1 must be smaller then an auxin net flux flowing to it*, the concentration

4if the auxin removal would be bigger, and as a consequence auxin concentration in the
primordium would be lower, then PIN would not be point in the direction of primordia, which
is in contradiction with the observations.
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F G H J K
Figure 2.19: Comparision of phyllotaxy models based on concentration-based

and fluz-based polarization hypothesis.
Description in text.

of auxin in primordia is higher than in its neighbourhood. Due to growth of
the meristem primordia move away from each other (2.19A). When the dis-
tance between primordia is sufficient, a spot with higher auxin concentration
will spontaneously appear in the place maximising the distance between all pri-
mordia (due to local synthesis). The development of this spot causes a reversal
of PIN pumps in the L1 towards it. (2.19B). This reversal further increases the
maximum of the concentration of auxin (2.19C). The concentration of auxin
exceeding certain threshold induces the change of the cell identities in the zone
of maximum concentration of auxin (2.19D). The change of cell identities in the

initium stimulates a formation of vasculature (2.19E).

2.3.2 Mechanism of the development of vasculature

In the fluz-based model the development of vasculature below initium requires
a change in the “regime” of ® which regulates the influence of auxin flux on PIN
allocation and which must “accelerate” to guarantee vascular formation. It is
important to note, that despite this change, this mechanism still depends on
the flux of auxin [Feugier et al., 2005, Stoma et al., 2008].

In the first publications introducing the concentration-based model, no mech-
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anism for vasculature development was proposed [Jonsson et al., 2006, Smith
et al., 2006¢c]. Recently, Merks et al. [2007] demonstrated that an extension
of the Jonsson et al. [2006] model with the hypothesis of auxin dependent PIN
synthesis in the cell allows to create auxin maxima “travelling” across the tissue.
The authors suggest, that such a mechanizm can be used to create veins, thus

explains the development of the vasculature below the initium.

The simulations show, that the model indeed can create auxin maxima “travel-
ling” across the tissue Merks et al. [2007]. However, these simulations give the
impression, that the path of the “travelling” auxin maxima is random, therefore
to create a vein from the initium directly towards the internal vasculature of
the meristem another mechanism to guide the vein would be required. Another
problem is the preservation of high PIN polarization. According to the model
equation, PIN polarization on the path of travelling maximum should disap-
pear when this maximum is leaving the cell, since high concentration of auxin
is required to keep high level of PIN. This suggests, that a mechanism preserv-
ing PIN in the cells for which its expression reaches high levels is required (e.g

similar to the one proposed in the 2.1.2.2),

Another idea was proposed by Richard Smith in his thesis [Smith, 2007]. His idea
is based on the observation, that auxin-dependent PIN targeting to a specific
side of the cell depends on cell type-specific factors, as different cell types display
different preferences for auxin-dependent changes in PIN polarity [Kleine-Vehn
et al., 2006]. This could actually resolve a discrepancy between the fluz-based
and concentration-based models. Given a cell type-specific decision about PIN
orientation in response to auxin, fluz-based and concentration-based models may
actually be facets of the same general mechanism by which feedback-driven
directional auxin transport eventually leading to self-establishing developmen-
tal patterns. As a final solution, Smith [2007] propose a model (called dual-
polarization model) which is switching between fluz-based and concentration-
based PIN polarization depending on auxin concentration, which is indirectly
tissue-dependent.

2.3.3 Auxin concentration in the primordium

The supposed stable auxin maximum at the young initium has been identi-
fied using the DR5 promoter driving the green fluorescent protein (GFP). This
marker is often described as a quantitative auxin sensor, however it not only
depends on the amount of hormone but also on the capacity of cells to react to it
(e.g. cells in the central zone of meristem do not respond to this marker as shown
by Barbier de Reuille et al. [2006]). In addition, the fluorescent GFP marker
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Figure 2.20: The directional flux strength influences the auxin gradient inside
the cell.

The intensity of blue depicts the concentration of auxin. In the figures the
size of grey arrow depicts the intensity of directional flux (caused by active
transport) and the number of yellow arrows depicts the diffusion flux inside of
the cell. The average concentration in both cells are identical, however according
to Fick’s First Law the diffusion flux is bigger in the Figure 2.20B than in the
Figure 2.20A due to higher auxin gradient.

can be stable for prolonged periods, and could therefore mask rapid changes in
the activity of the promoter. This is also important to note, that DR5 might
not only mark high auxin concentrations but could also be activated by high
auxin fluxes. This issue was already raised by other authors [Rolland-Lagan

and Prusinkiewicz, 2005].

A high directional flux leads to a strong auxin gradient inside the cell ([Kramer
and Bennett, 2006]) which according to Fick’s First Law should in turn lead
to a high auxin diffusion flux inside the cytoplasm (figure 2.20). Since, in the
presence of a high diffusive flow it is more likely for an auxin particle to encounter
its receptor, mainly localised in the nucleus of the cell, high flux could as well
lead to increased signalling and DR5 activation (figure 2.21). Interestingly,
our simulations show that, by combining concentration-based and fluz-based
activation of DR5 sharp peaks are obtained, very comparable to what is observed

in vivo (figure 2.22).

2.3.4 Fluxes towards the centre

Inmunolabelling suggest, that the fluxes of auxin are directed towards meristem
summit [Barbier de Reuille et al., 2006]. The fluz-based model is compatible
with the presence of these fluxes [Stoma et al., 2008], provided that the auxin

undergoes endocytosis in the centre.

The compatibility of concentration-based models with these fluxes remains an
open question. The authors of original models did not include these fluxes
[Jonsson et al., 2006, Smith et al., 2006c]. A possible solution to force the
fluxes to converge towards the centre of the meristem is to maintain the auxin

maximum in this location. However, this option interferes with the stability of
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Figure 2.21: Flux and concentration inducing DR5::GFP marker.

The intensity of green depicts the strength of GFP response. The figures show
the flux intensity (size of grey arrows) and concentration in the cell (blue pen-
tagons). The GFP response increases with an increase of flux (Figures 2.21A-
2.21A) or with an increase of concentration (Figures 2.21D-2.21D). However,
it is important to remark that with high flux we may get strong GFP response
even for small concentration (2.21H). The similar situation can take place for
high concentration and small flux (2.21G).

Ay

Figure 2.22: Figure shows a concentration-based and fluz-based activation of
DR5 signal in the meristem studied in the paper.
More details can be found in the text.
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phyllotactic patterns, since the simulations show, that the concentration-based
model with an auxin maximum in the centre generates phyllotactic patterns
with more noise than the same model without an auxin maximum in the centre
(Richard Smith, personal communication). It is important to note, that in the
model of Jonsson et al. [2006] it is required to preserve an auxin minimum in
the centre. These results show, that the compatibility of concentration-based
models with auxin fluxes towards the centre is not straightforward and has to

be studied more carefully.

2.3.5 Conclusions

To summarize, both models make different predictions regarding the sequence
of events, and in particular, the maintenance of auxin maxima in primordia, a
difference in the order of PIN reversal on the surface and the development of
vasculature. In particular, the fluz-based model predicts a rapid conversion of
an auxin maximum into a minimum, parallel to the development of vasculature
below primordium. The fluz-based model is compatible with the fluxes converg-
ing to the centre of meristem, whereas this compatibility remains to be verified
for the concentration-based model. In case of the fluz-based model the develop-
ment of the vein requires a change of the function regulating the dependency
between the flux and PIN allocation, whereas in case of the concentration-based

model a different concept, is required involving a travelling wave hypothesis.

Further experimentation focused on these issues should therefore make it pos-
sible to distinguish between the two models.



Chapter 3

Towards coupling of

physiology and growth

3.1 Cell wall mechanics

The presence of cell walls represents one of the structural features distinguish-
ing a plant cell from an animal cell. Cell wall acts as a rigid shell, and from
the mechanical point of view it is a dominant component responsible for the
overall plant structure [Solomon and Berg, 2007]. The presence of walls allow
plant cells to develop higher turgor pressure than their animal counterparts.
By putting cell walls under tension stress, turgor functions like a hydroskeleton
thus, contributing significantly to mechanical properties of young plant organs.
Wilting for example, is a collapse of plant tissue due to the lack of internal

pressure in individual cells’.

Plant cell walls are composed of a variety of polymers that differ in their bio-
chemical and biomechanical properties. The dominating component of a cell
wall is cellulose, which forms microfibrills (figure 3.1) [Solomon and Berg, 2007].
Their arrangement determines the cell wall’s capacity to resist to forces in dif-
ferent directions, as shown by measurements of the anisotropic extensibility of
single-layer tissues [Kerstetter et al., 2001]. Microfibrills, if arranged parallel,

would only be able to resist strength efficiently in their longitudinal direction.

While understanding and modelling static cellular architecture represents al-

ready a challenge, a new dimension is added when considering the dynamic

IPlants wilt not only when they lose water through evaporation but also when they are
surrounded by an aqueous solution of common salts (e.g. potassium chloride, magnesium
chloride) (Wikipedia).
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Figure 3.1: Molecular structure of the primary cell wall in plants (Wikipedia).

processes that change cell shape. Contrary to many animal cells that are able
to migrate, most plant cells have a shape that does not change once functional
maturity is achieved. This process is generally accompanied by numerous pro-
cesses that involve a remarkable increase in cell size and significant changes in
cell shape, both of which are based on the irreversible expansion of cell walls
[Solomon and Berg, 2007].

This expansion is generally considered to be driven by a turgor-controlled vol-
ume increase and involves stress relaxation and polymer creep in cell walls [Cos-
grove, 1997, Cosgrow, 2000]. Walls of growing cells have unique rheological*
properties that may be measured in various ways [Cosgrove, 1993]. It is im-
portant in this context to distinguish between elastic (reversible) and plastic

(irreversible) deformation of the cell wall [Proseus et al., 1999].

Depending on the tissue type, cellular morphogenesis produces a particular tis-
sue shape. While the amount of turgor can affect growth velocity [Proseus
et al., 2000], pressure is a non-directional force. Therefore, it cannot by itself
produce shape deformations other than isotropic ones. To produce anisotropic
shape changes, and thus particular spatial growth patterns, the cell wall has to
exhibit regions that are more easily deformable than others. This is generally
considered to be produced by a combination of the following: i) a non-uniform
distribution of cell wall components with different physical properties, ii) a
divergent localization of the insertion points of new cell wall material, or 4ii)
an anisotropic expansibility determined by the orientation of fibrils in the wall
[Geitmann and Anja, 2006].

Individual cell wall components were analyzed in vitro [Jarvis, 1984] and cell wall

extensibility was investigated by measuring the deformation of cells encountered
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in response to externally applied force [Cosgrove, 1993]. Such investigations
revealed several factors that affect cell wall extensibility. For example, stress
relaxation in cell walls was accelerated by pretreating the tissues with auxin
[Masuda, 1990] and expansins increased the rate of long-term cell wall extension

under acidic conditions [Cosgrove, 1996].

Since the discovery of cortical microtubules (CMT), various models for their
implication in microfibrills orientation process were proposed [Giddings and
Staehelin, 1991]. The CMT are microtubules localised at the “cortex” of the
cell and attached to the plasma membrane. It is thought, that these micro-
tubules orient the cellulose microfibrills in the extracellular matrix or cell wall.
These microtubules (and their orientation) are, therefore, very important in the
control of the plant shape. The other, the non-cortical microtubules play a role
in the transport of organelles inside the cell. However, while the recent research
has shown that the cortical microtubules clearly participate in the regulation
of anisotropic cell wall expansion, their precise role in microfibril alignment
has been intensively discussed [Baskin, 2001, Himmelspach et al., 2003]. An
overview of the principles of the anisotropic expansion within plant cell walls

including the role of microtubules has recently been published by Baskin [2005].

Numerous studies were focused on the role of the orientation of microfibrills
for cell growth. Early models include the concept of “multinet growth” [Green,
1960]. According to this model, cylindrical cells add new microfibrils by ap-
position in a transverse direction to their inner cell wall. These microfibrils
are building up separated layers, in which the most recently added microfibrils
are located in the most internal layer. Additionally, during the growth, the
microfibrils in older layers passively reorient themselves and loosen due to the
stretching of a cell wall. This model explains different orientation of microfibrils
found in the cell wall layers of many cells. Since the multinet model explains
only how the microfibrills are deposed, it is an interesting question how is the

oriented deposition of microfibrills controlled.

Due to the fact that the cell walls play an important role in the development of
plants, we extended a modelling framework used to simulate phyllotaxis (Chap-
ter 2). In current chapter, to simulate meristem dynamics physical-based ap-

proach was used.

Unlike descriptive models, physically-based growth models have the potential to
generate apex and primordium shapes as emergent properties of the model. It
enables the modelling of the processes that lead to these shapes and in particular
the interaction between growth and resulting shape. For phyllotaxis, physically-

based growth models may have a special significance as many authors pointed
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out that physical forces may play a direct or indirect role in primordia position-
ing (for example Dumais and Steele [2000], Shipman and Newell [2004]).

Physical-based approach allowed us to vary growth intensity in different location
of the meristem and to study the influence of the mechanical properties of the
meristem on its developing form. Using this framework we performed a series
of in silico experiments, in which we investigated the issues of i) a maintenance
of the dome-like shape of pini i) the local variation of growth depending on
the concentration of auxin in growing meristem éii) the feedback between the

concentration-based auxin transport model and auxin-dependent growth.

3.2 Mechanical framework

3.2.1 Representation

In the model we suppose, that the meristem’s external cell layer plays a crucial
role both, in meristem functioning [Kessler et al., 2006] and in determining the
mechanical properties of whole meristem [Savaldigoldstein and Chory, 2008]. We
also assume, that the tissue has both, elastic and plastic properties [Cosgrove,
1997, Wei et al., 2001]. The turgor pressure generated and experienced by the
cells in the rib zone occurs in all directions, since each cell is surrounded by
walls of its neighbouring cells. However, the cells in L1 also interfere with the
environment. To balance the forces resulting from this difference of external
and internal medium, the outer wall of epidermis is thicker than inner walls (up
to 5-10 folds) [Savaldigoldstein and Chory, 2008]. Thus, the turgor pressure is
mostly supported by the epidermal cell layer is also a limiting factor for growth.
Additionally, the pressure exerted on the L1 layer is approximately uniform
[Hejnowicz, 2000].

In the model the mechanical constraints of the L1 layer are approximated by its
external, periclinal* cell wall. To build up a mechanical model of the meristem,
we construct a polygonal mesh* (figure 3.2). Each face* of the mesh corresponds
to an external, periclinal cell wall of L1 cell ¢, and is surrounded by the edges that
stand for the projection of cell ¢ anticlinal* cell walls. The initial geometrical
configuration of the tissue can be acquired from real meristem images using a
protocol proposed by Barbier [2005], or can be artificially generated (for the
details see 4).

To represent the rib zone we use the following abstraction: the influence of

all inner cells of the meristem is summarised by an overall turgor pressure I1
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Figure 3.2: Protocol of mass system initiation from real image stack.
In the “Digitising” box, yellow segments depict edges, and green dots vertices.

that exerts perpendicular force on the surface and prevents the L1 layer from

collapsing (figure 3.3), and provides a stress required for the growth.

3.2.2 Mechanics

To include mechanical properties, the representation described above is ex-
pressed in terms of a mass-spring system (MSS) (similar to the concept pro-
posed by Prusinkiewicz and Lindenmayer [1990], Smith et al. [2006a]). Each
edge e has an associated spring, while masses are attached to the vertices. The
mechanical properties of each spring are characterised by two parameters: a
stiffness K, and a rest length [9. Each spring in the system contributes to an

elastic force F'¥ proportional to its tension and acting on the vertices:

FeE:Ke(lg_le)

At the junction of springs, vertices are submitted to these elastic forces. In addi-

tion to the forces on a vertex v due to springs FF

v I

a uniform force representing
the internal turgor pressure F! is included in the model which acts along the

direction of the surface normal at each vertex v.

A plant is able to control its growth direction e.g. to grow towards the light or

to adapt to other environmental factors. In the model, each of such processes
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Figure 3.3: Meristem representation.

Figure 3.3A shows the schematics of the meristem representation. Red arrows
depict forces exerted by turgor on L1. Figure 3.3B shows the close up. The pres-
ence of turgor pressure IT exerts forces stretching a cell (depicted with brown).
Figure 3.3¢ shows the top view of L1 cell. Each wall of the cell has elastic
properties, depicted by springs in the walls. The stretching forces and spring
forces are depicted with red arrows. Figure 3.3D shows the forces caused by
turgor pressure.
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may be expressed with a directional force FI” acting on groups of vertices and
leading to more intensive local growth in the force direction. It is important to
note, that this force allows us to express growth tropisms in the model, however

it abstracts from the source of these tropisms.

For each vertex v, all elastic forces F/¥ exerting on it are added together with the
pressure forces F! and directional forces F” and the system evolution is traced
using particle solver system, until the steady-state of the system is determined
(see 3.2.3) [Witkin, 2001]. Combining the various components, the total force

F, acting on a vertex v is:

E _ E
Fv - Zee{(xl,zg):xlzszgzv} Fe
F,=FF+FP +F)

To allow the model to simulate development, we introduced a growth model, in
which material is added to cell walls under tension. It is realized by increasing
the rest lengths of springs representing the cell walls i.e. a change of length 19

depending on the current spring tension:

dg{o if l.(t) — 10 < threshold (3.1)

dt | G. (le(t) —12)  otherwise

where G, is a growth rate. If the difference between spring length and its
rest length is bigger than a given threshold, then its rest length is increased
proportionally to this difference. In the case of cells with increased growth, this
increase is larger either due to the directional force F'P (leading to bigger spring

deformation I, (t)), or due to the increase in growth rate G.

Since cell growth constantly increases cell sizes, a cell division rule, according to
which a cell is divided when its size exceeds given threshold, has been integrated
in the system. The location of a new wall is chosen to minimise two conditions:
the difference between cell sizes of two daughter cells and the length of the
new wall. Additionally, the rest length of a spring related to the new cell wall is
shorter than this wall. This results in “pinching” the cell and makes the daughter
cells less sliver. This idea was introduced by [Nakielski, 2000], who suggested
that this rule corrects the visual look of the tissue. Further details concerning

cell divisions are described in 4.2.3).

Moreover, we assume that the cell walls of cells distant from the meristem
summit change their structure and become rigid. In the model the cell walls
of the cells with an Euclidean distance to the meristem tip exceeding a certain

threshold o (further we call them “distant cells”) resist all turgor and elastic
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forces.

3.2.3 Physical simulation

In the real meristem growth is parallel to physiological processes (e.g. diffusion
of morphogens). In the simulations, due to discrete nature of computation,
it is required to assume a sequential order between these processes (however
the processes can interlace). Physiological processes studied in this thesis are
usually much faster than the growth. For example, we know that PIN proteins
can reorient within a time-span of the order of an hour (e.g. in the root after
gravistimulation). Estimated transport and even diffusion rates are estimated in
uM/sec [Kramer and Bennett, 2006, Kramer et al., 2007], whereas the duration
of a cell cycle is about 24 hours. Therefore, it seems reasonable to suppose
that the auxin transport system is in equilibrium when comparing it to growth

dynamics.

In the case of the growing apex model, we assume that growth is a quasi stable
process. At the beginning of each time step the meristem is in a mechanical
equilibrium state. Growth, which changes the rest lengths of the springs, alters
this equilibrium. The MSS is then iterated until a new equilibrium is reached.
This means that in general, there are many iterations of the physical simulation
for each growth step of the model.

Given the total force F,, on a vertex w as defined earlier, the following equa-
tions (derived from Newton’s Laws) describe the change in vertex velocity vy,
and vertex position p,, over time. They can be used to compute the system’s

equilibrium:

dvy _ Fy
dt — m DUw

dpw

dt
where D is a damping constant, which allows us to avoid system oscillations
and guarantees a system convergence towards stationary state. In the equations
we assume additionally that the point masses of points equal to 1, since this
assumption does not change the equilibrium state reached by the model. The
numerical integration of these equations is performed using one of the methods
introduced in the appendix A.

Principles of equation integration The physics integration in each growth

step is a separate simulation within the main program loop, which has its own
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time step and method routines. This simulation is iterated until an equilibrium
state is reached. We consider that this equilibrium is reached once the velocity
of all points falls below a given threshold, since the velocities will go to zero when
the system is at a steady-state. The threshold value can be used to control the

iterations.

Since only the equilibrium state of the physics simulation is sought at each time
step of growth, a relaxation method can be used without considering velocity.
Instead of calculating displacement as a derivative of velocity, vertices can simply
be moved in the direction of the total force by some amount proportional to the
magnitude of the force. This allows us to decrease the number of differential
equations to solve (for each point we have only one equation instead of two).
The system is then iterated until the norm of the sum of the forces approaches
zero. In the models presented in this chapter both approaches have been used,
and both methods produce qualitatively similar results. It is important to note,
that in the case of relaxation method, in our simulations Runge-Kutta of order

four was more efficient than Euler method (in case of our simulation up to 3
folds).

3.3 Simulating regular growth of pini mutant

phenotype

The shoot apical meristem of Arabidopsis mutant phenotype pin! has a dome-
like shape (figure 1.24). Since its shape is less complex than the wild type’s
one, we started our study by describing the mechanical constraints required
and sufficient to reproduce this type of development.

The simulations showed, that the proposed framework is sufficient to reproduce
the shape corresponding to the form of a pin-shaped meristem. For a given set
of growth parameters (like turgor pressure II, growth rate G, meristem size) the
system could reach a dynamic equilibrium, in which the growth of the meristem

was continuous, and the radius of the meristem dome was constant (figure 3.4).

If the internal pressure was too small, the meristem summit was continuously
decreasing to reach a form of small dome, with low number of not growing cells.

The intensity of meristem growth in this case was decreasing with time.

The assumption of fixing cell walls of distant cells was required. Without this
condition the growth of the meristem was similar to inflating a balloon (figure

3.5), and the characteristic dome-like shape could not be maintained.
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Figure 3.4: The model demonstrating the development of the meristem of pinl
mutant phenotype.

Growth of cells located too far from the meristem tip is limited by the secondary
cell walls, thus in the simulation these cells are fixed (the vertices of such cells
are marked with blue dots).

Figure 3.5: The model demonstrating the development of the meristem of pinl
mutant phenotype without the assumption, that the cell walls of distant cells
are resisting turgor pressure.

Contrary to the simulation with this assumption, the meristem has an overall
balloon-like form instead of observed in vivo dome-shaped form.
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Figure 3.6: Simulation of meristem growth represented by pressure vessel.
Time sequence of a simulation with the stress-feedback model generating a grow-
ing stem. Microtubules (depicted by red segments in the cells) align mainly
orthoradially on the stem which has a regular shape [Hamant et al.]. Image
taken from [Hamant et al.].

The simulations have shown, that the particular form of pin-shaped meristem
could be the result of isotropic growth of cells together with the process of
hardening of cell walls. The hardening of cell walls could be related to the
development of secondary cell wall, which indeed takes place in cells at the
bottom of the meristem. At the border of SAM, cell walls are thicker and grow
slower Kwiatkowska and Dumais [2003].

An alternative explanation was given in a study of [Hamant et al.]. The authors
were investigating the correlation between the cortical microtubules (CMT) and
mechanical stress. They proposed a similar MSS model, however it was ex-
tended by including microtubules. CMT in the model acted by modifying the
cell anisotropy, and as a consequence, prohibiting a cell from growing in the
direction parallel to their orientation. In the model authors hypothesised, that
microtubules orient themselves to resist stress. They have shown that during
the growth of the pin-formed meristem, the CMT orientations were random
and somewhat unstable at the apex, while these orientations on the stem sta-
bilised in a mainly orthoradial pattern. It is important to note, that the CMT
were required and sufficient to preserve the continuous growth of the pin-shaped

meristem (figure 3.6).

These studies give the evidence that a non-directional turgor pressure together
with a simple mechanical mechanism (either CMT or wall hardening) is sufficient
to create a system with a an overall axial direction of growth. In reality it is
likely that these mechanism act together to provide redundancy and increase

the stability of such a biological system.
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3.4 Simulating the development of primordium

triggered by auxin

To investigate, how the regular growth of a pin-shaped meristem can be altered,
we extended the model presented in 3.2 to include the influence of a morphogen
on the intensity of growth. Auxin was chosen as a model morphogen, since it
appears that meristem tissue is highly responsive to auxin-induced wall exten-
sibility and elongation. Cells with high auxin concentration grow faster, due
to the change in the mechanical properties of their walls [Kutschera, 1992].
Additionally, Reinhardt et al. [2000a] has described an experiment in which a
patch of auxin applied on the surface of the meristem triggers the initiation of

primordia in the region close to SAM apex of tomato:

We applied small amounts (...) of lanolin paste containing (...)
auzin to various positions on the NPA pins, particularly on the flank
(...). Treatment with auzin (...) induced the formation of bulges,
whereas lanolin alone had mno effect. These bulges, which always
coincided with the radial position of IAA application, differentiated
into leaf primordia. In the longitudinal (apical-basal) dimension, the
primordia always formed at a fixed position from the summit, that is,
within a ring-shaped zone roughly equivalent to the peripheral zone
in untreated meristems (Steeves and Sussex, 1989; Lyndon, 1990,
1998). (...)

The size of induced leaf primordia depended on the concentra-
tion of auzin. Whereas lower concentrations (...) induced primordia
of approximately normal size, higher concentrations (...) induced
primordia that were wider than normal and, in some cases, encom-
passed the entire meristem. The frequency of primordium initiation
was also dependent on auxin concentration.

Reinhardt et al. [2000b]

These experiments show that the NPA pins contain functional meristems ca-
pable of leaf formation when supplied with auxin. The site of auxin treatment
determined the location of primordium formation in the radial position. The
concentration of auxin determined the number of cells recruited into primor-
dia. These authors performed also similar experiments on the pinl mutant of

Arabidopsis leading to the same conclusions.

We performed in silico variant of this experiment, where a framework similar

to that described in 3.2 was used. The model was extended by the assumption,
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that cell walls of cells which perceive a high concentration of auxin (called
“auxin-positive” cells) grow faster. This was realized by substituting the growth

TAA
Ge

constant G, of these cell walls by which was 3 folds bigger.

The patch of auxin was manually placed on the virtual meristem using the
GUT*. The patch was 3 cells wide. The auxin-positive property was inherited
by both daughter cells after the cell division.

This model reproduced the change of shape of the Arabidopsis pinl mutant
described by Reinhardt et al. [2000a] (figure 3.7). Faster, local growth in the
auxin-positive region (in red in the figure 3.7E), led to the formation of a bump
shaped structure matching the appearance of a young primordium. If the springs
in auxin-positive region were growing too slow, the bump was not well defined
or not developed at all (figure 3.8). An alternative way of creating the bump
was to include the directional force F.” for the vertices v below auxin-positive
region, since it corresponded to an increase of growth rate in the rib zone below
the primordium. Both variants led to qualitatively similar results.

The model highlighted particular stress in the boundary zone (which is the zone
including the cells closest to the forming primordium). The stress in this zone
was dominating in the circumferential directions (in light green in the figure
3.14A). The main growth direction follow the direction of the stress in the
model. As a result of this directional stress, the cells in the boundary zone were

elongated mainly in this particular direction.

To reproduce the development of the primordium it was sufficient to loosen the
cell walls in the auxin-positive region or to assume an increased growth rate be-
low the auxin-positive region. If the intensity of growth was insufficient and the
directional force was too small, the bump was not well defined or did not emerge
at all. The presence of different, circumferential stress in the boundary zone to-
gether with a specific gene expression in this location illustrates the possibility
of the interaction between mechanical constraints and gene expression. Since
the model reveals different mechanical properties in the boundary zones and
biological data shows the expression of pBOUND promoter in this zone (figure
3.9), a hypothetical link between these two events can be suspected (similarly
to other known examples of mechanical gene induction [Howard et al., 2008]).

This hypothesis would need to be further investigated experimentally.

A similar experiment was performed by [Hamant et al.] within the framework
described in 3.2. Alternatively in their model, primordia growth was initiated by
alocal decrease of wall stiffness leading to the outgrowth of a well defined bump.
Since these authors included the microtubules in the model together with the

hypothesis of their orientation according to stress, as the simulated primordium
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Figure 3.7: Model of primordium development.
This figure shows consecutive steps of a simulation demonstrating the
emergence of the primordium as a response to an external application of
auxin. Auxin-positive cells are marked in red.

A B C D

Figure 3.8: Model of primordia development similar to 3.7.
The pressure under the primordium was not increased. As a result, a bump
was not able to properly form.
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Figure 3.9: External application of auxin on PIN1 mutant.

Figure 3.9A shows the top view of meristem presented in 3.14A. The model
reveals particular stress in this zone (in the cells marked with light green). Fig-
ure 3.9B shows in green GFP signal from the expression of pBOUND promoter
(which is a part of the STM promoter, active in the boundary zone only). Fig-
ure 3.9C shows the image of CMT in different zones of the meristem: red in
the primordium zone, light green in the boundary zone, yellow in the meristem
centre. CMT in the boundary zone are oriented in circumferential directions.
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Figure 3.10: Model framework comparision.
Figure 3.10A shows the schema used for simulation of meristem development
in models proposed by Barbier [2005], Jonsson et al. [2006], Stoma et al.
[2008]. Figure 3.10B shows the schematics including the feedback between
auxin and growth of the meristem, as in the model described in 3.5.

formed, the model predicted an orthoradial CMT orientation around the simu-

lated primordium as observed in reality.

3.5 Coupling of growth with auxin transport

In the real meristem, growth is increased in the primordia. Therefore, a pat-
terning mechanism responsible for phyllotaxis is able to function despite the
anisotropic growth in the meristem. In the phyllotaxis model presented in
Chapter 2 a descriptive growth was used to simulate meristem development.
In such a model auxin-transport is independent from growth and including the
growth anisotropy is cumbersome (figure 3.10a). Here we present a physical-
based model containing a feedback loop between auxin concentration and growth
(figure 3.10Db).

To perform simulations, the framework described in 3.2 was used. The feed-
back from auxin concentration on growth is realized by extending the approach

described in 3.4. The cell walls of auxin-positive cells instead of growing with

TAA
Ge

increased, fixed ratio grow with a ratio proportional to the auxin concen-
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Figure 3.11: Feedback between the form and physiology on the example of auxin
signalling in the SAM.

The red arrows depict the direction of fluxes of auxin, whereas the black arrows
depict physical forces, leading to a change of meristem shape. Figure 3.11A
shows the auxin fluxes converging in certain location [ in the meristem. High
auxin flux changes the properties of the cell walls in the location [ (figure 3.11B).
Since the cell walls in location [ are loosen (figure 3.11¢), they are deforming
easier, which leads to a formation of a bump (figure 3.11D). The change of the
form of the meristem, influences the auxin fluxes (figure 3.11E), leading to their
reconfiguration (figure 3.11F).
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tration in these cells. Therefore, for each edge e in the cell ¢ the constant G, is

an auxin dependent function:

G = a[TAA],

where « is a growth intensity constant. In the simulations auxin is distributed
using the model described by Jonsson et al. [2006], therefore a concentration-
based mechanism of PIN allocation is used. This framework together with the
mechanical-based growth model allow us to build up a phyllotaxis model (com-
parision of the auxin growth dependent model with non-dependent one is pre-

sented in figure 3.12).

It was possible to maintain the long and stable development of meristem. During
the simulations short series of consecutive primordia were following spiral phyl-
lotaxis patterns, however it was impossible to obtain stable phyllotaxis (figure
3.13).

The growth in this physical-based is less regular than the descriptive growth used
in the model described in Chapter 2. It is one of the reason why regular, stable
phyllotaxis patterns are not observed. However, in real Arabidopsis plant the
precision in primordia placement is limited to approximately 15° (360 divided
by approximately 24 cells). Thus, a robust mechanism is needed to initiate
and maintain phyllotactic patterns in spite of a relatively large departure in the
placement of individual primordia from their mathematically ideal positions. It
is possible that in real plants phyllotaxis is not governed by a single mechanism,
but represents a combined effect of several factors. This complexity may be
required to generate phyllotactic patterns in the presence of noise. The problem
of generation of phyllotactic patterns in the context of an irregular geometry

was not studied until now.

3.6 Conclusions

The mechanical behaviour of an organism depends on the physical properties
of the individual cells. In plant cells, these are largely determined by the in-
teraction between the turgor pressure and the cell wall. However, knowledge
about the structural function of the cytoskeleton in these cells requires further
investigation. The availability of more structural and mechanical data should
allow us to establish new and more realistic biomechanical models. The chal-
lenge will be to integrate all mechanical components and thus contribute to the

understanding of development from a mechanical point of view.
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A B
C D

Figure 3.12: Simulations with feedback between the auxin concentration and
mechanics.
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A B C

Figure 3.13: Developed in silico meristem modelled with the feedback of auxin
on the growth.

The auxin transport is modelled using concentration-based mechanism. Unsta-
ble phyllotaxis is observed. Figures 3.12A and 3.12B show the meristem with
4 developed primordia without mechanical interaction between the growth and
auxin transport. Figures 3.12¢ and 3.12D show the same simulation, however
the feedback of auxin concentration on growth speed is present. In this case we
can observe, that the primordia have bigger outgrowth.

Modelling only surface cells with 1D walls as springs is an efficient way to address
meristem shape modelling. It allows for fast computation of the emergence
of various meristem shapes when testing different parameters of this complex

system. However, this approach has also important disadvantages.

From a mechanical point of view, cell walls in plants play an important role in
the ability to resist not only tensile stress, which allows for the establishment
of the turgor-based hydroskeleton. Secondary cell walls, typical for sclerenchy-
matic tissue, are constructed in a way to resist also compressive stress. In this
case, the living protoplast and thus the turgor are dispensable for the cell’s
mechanical functioning and fully differentiated cells are often devoid of any cell
component other than the cell wall [Geitmann and Anja, 2006]. The implicit
representation of the inner cells as a generalised pressure makes it difficult to
simulate the compression forces and thus, to generate more complex shapes,
which may require compressive stress to form. For example, to model a crest
instead of a bump using the MSS framework we need to explicitely represent
the interior of the meristem, since the compression forces are important for this
type of development (figure 3.14).

The use of MSS becomes also less straightforward when dealing with more com-

plex deformations, like the young carpels formed by the Arabidopsis flower. The



CHAPTER 3. TOWARDS COUPLING OF PHYSIOLOGY AND GROWTH145

Figure 3.14: Issues with modelling complex shapes with MSS.

Figure 3.14A shows solid bars (horizontal segments, in black) are linked by
elastic springs (vertical segments, in yellow). Extremities of the system are fixed.
A pressure applied from bottom on the system will push all the bars to top.
Crest formation is thus impossible. The red cell in figure 3.14B collapses due to
the load of its neighbours. The explicit L1 layer representation (green polygons)
with implicit inner cells (represented as pressure force — orange arrows) in figure
3.14c¢. Figure 3.14D shows 3D meristem representation where cells appear as
polyhedra. Representing each cell wall by a set of springs is cumbersome. Figure
3.14E shows a simulation of carpel development. From an initial state (on top)
with a bump shaped meristem, the simulation runs to a crest shaped tissue
(on bottom). Figure 3.14F shows 3D representation of the final state of the
simulation showing the development of the style tube. Carpel simulations were
performed by Jerome Chopard.
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carpels arise as a cylindrical shape on the top of the floral meristem. During
the carpel development, some cells grow out more quickly than their neighbours,
which is caracterized by a more rapid extension of the cell walls in the model.
Dealing with a 3D MSS representing this type of development is a cumbersome
task.

Simulations of phyllotaxis implemented on the shoot apex with physically-based
growth require considerably more computation time than the simulations using
descriptive growth described in Chapter 2. This is because each growth step
requires that the mechanics simulation be iterated until equilibrium is reached.
The relaxation method provides improvement of this situation, however the time
required for growth steps is always longer than in the simulation with descriptive

growth.

Despite this drawback, the physically-based models of the shoot apex and young
developing primordia presented here provide a good framework for further work.
One of the strongest point of physical-based approach is the straightforward
way to add growth tropisms and model the emergence of complex shapes. This
allows us to model objects which are not only radially symmetric, but develop
into leaves, flowers, or other organs. Providing a descriptive model of growth for
such shapes is a cumbersome task. Overally, physically-based model of the shoot
apex provides an interesting platform to study the mechanisms of primordium

boundary definition, including the possible gene-mechanics interactions.



Chapter 4

Computer representation of

tissue

4.1 Dynamic systems with dynamic structures

4.1.1 Dynamic systems

A concept of a dynamic system' is a mathematical formalisation for describing
system evolution in time. Time can be measured by integers, by real or complex
numbers or can be a more general algebraic object without any relation with
its physical origin. At any point in time, a dynamic system is characterised by
its state. The state is represented by a set of state variables. Changes of the
state over time are described by a transition function?, which determines a next
state of the system as a function of its previous state and, possibly, values of
external variables (called input to the system). This progression of states forms

a trajectory of the system in the space of states.

Many natural phenomena can be modelled as dynamical systems, for example,
a motion of mass point on a spring. In this system, where phase space describes
all possible position of a mass point, a state variable is the current position of
the mass point, and inputs are mass and elasticity constant of a spring, and
transition function is given by Hook’s and Newton’s Law equations [Carr et al.,
2008]. If we assume no friction and dumping, solving the equation of transition
function makes it possible to describe the trajectory of the system in an analytic

form (in this example it will be a sinusoidal function). Unfortunately, in more

I This chapter is based on Giavitto et al. [2002], Giavitto and Michel [2003], Prusinkiewicz.
2or evolution function
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complex cases, analytic formula representing trajectories of the system may not
exist. In such cases, the behaviour of the system can be studied using computer
simulations. However, dynamical systems often describe objects having a com-
plex structure thus, it is desired to include this structure in the formal system

description.

4.1.2 Structured dynamic systems

If a dynamical system can be decomposed into parts, the change of a state of
the whole system can be viewed as a result of an advancement of all states of its
components. Formally, we use a term structured dynamical system® to denote a
dynamic system divided into component subsystems. The set of state variables
of the whole system is then the Cartesian product of the sets of state variables
of the component subsystems. Accordingly, the state transition function of the
whole system can be described as the product of the transition functions of these

subsystems.

In many cases, the transition function of each subsystem depends only on a
subset of the state variables of the whole system. If the components of the
system are discrete, these dependencies can be depicted as a directed graph with
the nodes representing the subsystems and the arrows indicating the inputs to
each subsystem. We say that this graph denotes the topology of the structured
dynamical system and call neighbours the pairs of subsystems directly connected

by arrows.

4.1.3 Dynamical systems with dynamic structures

Let us consider a dynamical system in which not only the values of state vari-
ables, but also the set of state variables and the state transition function changes
over time. This can be captured using an extension of structured dynamic sys-
tems, in which the set of subsystems or the topology of their connections may be
an argument for the transition function. We call these systems dynamical sys-
tems with a dynamic structure or (DS)Q—systems in short Giavitto and Michel
[2003].

The development of an organism can be expressed with (DS)2—system. We
assume that the organism is modelled using a structured dynamic system, where
each cell is a component subsystem. Firstly, the organism is composed of a
single cell, which becomes larger and divides into two daughter cells. This

Sor dynamical system with structured state.
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process continues, until a mature, multicellular organism is build. To capture
this development, a number of component subsystems must grow in time. Let us
assume also that i) the cells can move in the medium ii) two cells are neighbours,
if they are sufficiently close to each other iii) the state of a single cell depends on
the state of its closest neighbours. Therefore, the movement of cells constantly
changes the topology of the system. The constant change in the number of
component subsystems and their changing topology require to model a (DS)z—

system to capture the system evolution.

From the computer science point of view, simulation of (DS)Q—systems raises the
problem of finding a programming methodology well suited to the specification
of such systems. The key difficulty is that, in (DS)Q—systems, not only the values
of variables that describe the system, but also the entire set of variables and its
topological organization and equations that relate them, change over time. If
the number of these changes is small, they can be specified explicitly. In general

a formalism that supports these changes in an automatic manner is required.

4.1.4 Meristem tissue as (DS)’-systems

A meristem tissue can be seen as a multicellular, constantly growing medium.
If we additionally assume, that the number of cells increases during this growth,
the meristem modelling requires dealing with (D.S )2—systems. The consequences
of this fact are therefore studied further in this thesis in respect to data structure
design (4.2) and to the modelling of the study of meristem physiology (A).

4.2 Tissue representation

Modelling a complex system such as vegetal meristematic tissue requires devel-
oping specific data structures. This data structure must be adjusted for the
system dynamics (e.g. development vs steady-state morphogen simulations),
scale (e.g. root-shoot interaction vs cellular-level shoot simulations), accessible
information (e.g. model parameters derived from measurements vs. invented
parameters validated a posteriori), available resources (e.g. parallel/distributed
computing vs local computing paradigm). As described in the goals of the thesis,

my main modelling targets are:

e modelling of cell signalling with focus on auxin transport at the scale of

meristem,

e modelling of meristem development with focus on the feedback between

the shape changes and the physiology.
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Figure 4.1: A classification of different tissue representations.
Figures 4.1A, 4.1B show the examples of continous and discrete tissue
representations respectively (figures taken from Smith et al. [2006a], Rudge
and Haseloff [2005]). Figures 4.1¢, 4.1D, 4.1E show examples of tissue
representations containing 1,2,3-manifold cell topology respectively (figures
taken from Coen et al. [2004], Prusinkiewicz and Lindenmayer [1990], Stoma
et al. [2007]).

The models in this thesis are mechanistic, fairly abstract, giving rather qualita-
tive than quantitative results concerning the reality. The simulation are held at
a cellular level and they are usually executed in a local, single processor envi-
ronment. Since the structure must account for the simulation of (DS)*system,

it is required that tissue editing operations are performed efficiently.

4.2.1 Tissue models

Modelling of vegetal tissues is a frequent task in contemporary plant biology. It
requires developing specific data structures thus, this is a frequently analyzed
issue. Despite this fact, this problem does not necessary have a unique solution:

the tissue representation must be properly adjusted to various applications,
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which are usually diverse.

4.2.1.1 Continuous and discrete tissues

Vegetal tissue representation may be based on global or local point of view.
Both concepts are established on two different views on living organism: the

cell and the organismal theories Kaplan and Hagemann [1991].

In the first case a tissue is considered as a continous volume, where cells are
providing the compartmentalization of this structure. It is called continous
representation. This approach was used in a Smith et al. [2006a] model showing
a SAM development with a formation of primordia (figure 4.1). The tissue
was represented as a mesh and growth was achieved by the insertion of new
mesh faces (more faces were inserted in the primordia locations leading to the
outgrowth of bumps). It is important to note, that the subdivision into cells was
not required in this model, since the author assumed that primordia placement
is governed by a global mechanism and not local one.

In the second case it is assumed, that a set of autonomous cells forms a tissue.
Each cell grows and develops independently. However, cells might exchange in-
formation (e.g. by cell signaling) and interact (e.g. by mechanical constraints).
This communication provides a synchronization at tissue level. The tissue de-
velopment is a result of the integration of the development of all cells. This
approach is used in the model presented by Rudge and Haseloff [2005] based on
a self-reproducing cell, which has a dynamically changing state and geometry
(figure 4.1). In this particular model, cell signaling is simulated by diffusion
of morphogens and genetic regulation. These processes could be specified by a
script program. The model provides a platform to explore coupled interactions
between genetic regulation, spatio-mechanical factors, and signal transduction
in multicellular organisms. The cells are modelled as 2D polygons with elas-
tic properties (the cell walls are simulated by springs). Growth is achieved by
changing springs parameters. The cell growth and cell division algorithms are
based on biological observations (e.g. each cell has a main axis of growth and a

cell divisions occur accordingly).

The continous approach is especially useful when the modelled process is global
and its source does not lay in the interactions between the cells. In this case, the
cell structure still can be accessed when required, however its access might be
an expensive operation. The discrete approach has advantages over continuous
one in the cell-based, mechanistic models. In such models it is often required
to access cells frequently, because cells works like agents* and require commu-

nication. One of the difficult issues resulting from this type of representation is
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the integration of the interactions (e.g. in the case of growth: if cell A grows
isotropically and its neighbour cell B grows anisotropically, how does the cell
wall between A and B grow?).

4.2.1.2 Topological structure of the tissue

The second criterion of the classification might be the type of cell neighbour-
hood relation in the data structure (called cell topological structure of the tissue).
In the simplest case the representation does not contain any topology. Tissue
representations based on sets or multisets are good examples. In such a repre-
sentation each cell is an element of the set. The elements are not ordered by
definition thus, no relation between them is assumed. This representation is

useful when the cells are simply assumed to be aggregated.

A second type of representation is based on a simple, sequential cell topological
structure, like lists. A good example is the model of Anabema presented by
Lindenmayer [1968], Prusinkiewicz and Lindenmayer [1990] (figure 4.1). In this
model, the authors study a theory of growth for filamentous organisms. They
considered in silico treatments where inputs are received by each cell from both
directions along the filament and the change of state and the output of a cell is

determined by its present state and the two inputs it receives.

Another representations are based on cell topological structures allowing to
describe neighbourhood in one layer of cells, like branching structures (e.g.
based on L-systems) or planar graphs. An example of a representation based on
branching structure is a model of the fern gametophyte Microsorium linguae-
forme proposed by Prusinkiewicz and Lindenmayer [1990]. This representation,
based on map L-systems, enables to simulate the development of the apical cell
of the gametophyte. It divides repetitively, giving a rise each time to a new
apical cell and a primary (initial) segment cell. The segment cells subsequently
develop into multicellular segments. The division wall of an apical cell is at-
tached to the thallus* border on one side and to a previously created division
wall on the other side (figure 4.1).

Another class of models uses topological structures which are able to express
any cell neighbourhood found in plant tissues (e.g. graphs). An example of
this approach is a model of a carpel of Arabidopsis thaliana proposed by Stoma
et al. [2007]. In this model, all cells are represented as polyhedra. It is assumed
that each wall between two cells remains planar and therefore, it is represented
as a polygon in space. The model uses the shell theory to compute strains and
mechanical constraints in the meristem with a finite elements method (figure
4.1).
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Using topology is required for algorithms that deal with the information ex-
changed between the cells (e.g. cell signalling, diffusion of morphogens, etc.).
More general topology (i.e. allowing to express any type of cell neighbour-
hood) requires more complex data structure, and as a consequence, often the

algorithms with higher complexity.

4.2.1.3 Connection between cell/wall geometry and cell/wall topol-

ogy

Another criterion of classification might be the type of the link between cell /wall
geometry and cell/wall topology used in the tissue representation. Usually, it is
possible to compute topologies from geometries and vice versa. The main draw-
back of such an approach is the error introduced while this computation and
its computational complexity. However, representing explicitely all topologies
and geometries makes the structure cumbersome to modify, since the synchro-
nization of cell/wall topology/geometry after a change in the tissue (e.g. cell

division, cell removal, etc.) is required.

Representations without both geometries First class of representations
do not include any explicit geometry. If necessary, the cell or wall geometry can
be imposed or computed. An example of this approach is a model of Anabema
presented by Lindenmayer [1968], Prusinkiewicz and Lindenmayer [1990], al-
ready mentioned before. In this model the cell geometry is necessary only to
provide the visualisation of the development of the organism. It is imposed on
the system by regular positioning of the consecutive cells (in topological sense)

on the file of rectangles [Prusinkiewicz and Lindenmayer, 1990].

This approach is used in the models which do not require exact geometry, be-
cause when geometry is inferred from cell /wall topology a certain error appears.
Computing of geometry might be also expensive algorithm. One of the biggest
advantages of this approach is the simplicity, since it is required to store only

topological information

Representations without wall geometry An example of a structure, which
does not include the wall geometry is included in the Cellerator framework
Shapiro and Mjolsness [2001], Shapiro et al. [2003]. The structure is designed
to describe single and multi-cellular signal transduction networks (STN). Multi-
compartment systems are represented as graphs with STNs embedded in each
node. Interactions include mass-action, enzymatic and allosteric models. Re-

actions are translated into differential equations and can be solved numerically
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to generate predictive time courses or output as systems of equations that can
be read by other programs. It is important to note, that using a system of

properties it is possible to extend this representation to include wall topology.

Representations without cell/wall topology Another class of represen-
tation dual to the previous one, does not include the topology at all. When the
topology is required, it is computed from geometry. An example of this approach
is the general representation based on polygons or polyhedra proposed by Liick
and Liick [1983]. The cell and wall topologies in this representation is inferred
from the contacts between geometrical objects (polygons in 2D or polyhedra in
3D).

Another example of structure, where the cell and wall topology is computed is
the one proposed by Bodenstein [1986]. In this method the topological neigh-
bourhood is assumed for every pair of cells (represented as disks), when the
distance between their centres is smaller than given neighbourhood constant.
This approach was extended by Jonsson et al. [2006], where the cells are repre-
sented as spheres. It is important to note, that this concept allows the authors
to model L1 layer of 3D, volumic cells in the meristem, using simple, planar

graph-based cell topological structure.

An alternative approach was proposed by Sulsky et al. [1984], where the both
wall geometry and topology is computed using the Voronoi diagrams. In their
model, Voronoi diagrams are introduced as a suitable representation for a two-
dimensional cell sheet. These polygons are defined in terms of a finite number of
points, making numerical simulations tractable. Cells can change their neigh-
bours and shape in response to deforming forces without leaving gaps in the
tissue. Using this representation allowed the authors to simulate the round-
ing of uneven tissue and engulfment of two intact tissues. The Voronoi-based
approach is also used in multiple works by Honda et al. [2004].

In this approach cell/wall topology and wall geometry is computed on demand
based on cell geometry. This is usually less efficient then the usage of ex-
plicit topological structure, thus this approach is not recommended for models
strongly dependent on topological algorithms. Also, this approach may lead
to the issues with structures dynamically changing in time (e.g. cell sliding,
changes is wall. Similarly to representation without geometry, one of the main
advantages is the simplicity, since it is not required to synchronize the the geo-

metrical representation with the topological one.

Representations with topology and geometry Another class of represen-

tation uses in parallel both geometrical and topological structures. An example
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of this approach is already described model by Rudge and Haseloff [2005], where
the cell geometry is stored in a graph of walls and the topology in a graph of
cells. A similar approach is used in Smith et al. [2006¢] representation, whose
model is used to simulate auxin fluxes in growing shoot meristem. The cell
topological structure in this model is expressed in the VV environment [Smith
et al., 2006a], which ease the manipulation of 2-manifold topology in growing
object. This representation allows the authors to simulate L1 layer of shoot

apical meristem cells as a mesh.

This approach makes it possible to have an efficient access to both, topological
and geometrical structure. There is no additional error resulting from com-
putation of these substructures. It is, though, required to synchronize both

structures, which can be a difficult task.

4.2.1.4 Recent SAM representations

Particulary interesting in the context of this thesis are representations proposed
to model the development of SAM. Recently, three such a data structures were

proposed.

Jonsson et al. [2006]: The cells are modelled as spheres, with centres laid
dome-like shape (described by half sphere glued to a cylinder). The cells are con-
sidered as neighbours, when they overlap. Only the epidermis of the meristem
is considered.

The growth is modelled using mechanics. The centres of each pair of neighbour-
ing cells are connected with a spring which rest length depends on the sum of
the radii of the spheres. Thus, the springs are exerting forces repulsing the cells
from each other. This repulsion process results in overall cell movement from
the meristem centre (the centre of the half-sphere) to the periphery (bottom of
the cylinder). The radius of each sphere is constantly increasing. A cell divides,

when it reaches a certain volume.

This representation results in unrealistic cell behaviour (e.g. like cell walls

sliding on each other or empty space appearing between the cells).

Smith et al. [2006c]: The cells are modelled as 2D polygons building up a
mesh. The representation uses VV language as a paradigm [Smith et al., 2006a]
to deal with (DS)2 systems. Only the most external cell walls are modelled
explicitly. These walls form a hyperbolic, dome shaped, polygonal surface with

“bumps” located in the places of primordia.
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The growth of the cells is the result of moving polygon vertices on the surface
away from the centre of the tissue. The cell divisions are performed using the
algorithm proposed by Nakielski [2000].

In this representation both cell growth and proliferation were calibrated with

biological data gained from the study of development of Arabidopsis.

Barbier [2005]: The cells are modelled using Voronoi domains in 2D.

The growth of the SAM is simulated using mechanical model. Centres of each
pair of neighbouring cells are connected with a spring pushing them away. The
main flaw of the model, mentioned by the author, was unrealistic cell behaviour
(after cell division closely cells might change their neighbours, which does not
occur in the SAM).

4.2.2 WalledTissue structure

One of the main goals of this thesis was to perform various in silico experiments
concerning in particular auxin transport and growth issues. This task required
to develop computer programs and to perform simulations. The code developed
during this thesis is available as an OpenAlea module [Pradal et al., 2008], called
mersim. One of the key components of this package is the data structured used
to model tissues. This structure is called WalledTissue and is described in this
chapter.

The structure is an example of discrete representation, since the cell interactions
are one of the key elements of the performed simulations and it is important
to execute them efficiently. The structure uses a planar graph to store cell
topology, which makes it possible to represent a one layer of cells in 3D space.
This property is used in physical-based simulations, where the tissue shape is
deformed by various forces. The structure contains explicit cell wall topology
and geometry, which has two main advantages: i) cell geometry is exact and
no approximation error is present i) the structure allows for fast access to
cell and wall geometry, allowing for fast computation of deformations. These
properties are useful in the simulations focused on development. The exact cell
wall geometry makes it possible to simulate simplastic* growth and avoids the
introduction of non-realistic cell behaviour (e.g. sliding cells, changes in cell
neighbourhood). Fast access to cell wall geometry allows for easy integration
of the structure with particle solver (this property is intensively used in the
physical-based simulations). In the particle solver cell wall vertices are treated

as particles and their displacement is computed from the forces.
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4.2.2.1 Data digitising

The in silico models within mersim module can be build on the basis of real
meristem images. The digitising is semi-automatic. Two different protocols are
possible to acquire the data from images: one based on a Merrysim software
developed by Pierre Barbier Barbier [2005] and the second one based on the
CellTissue software developed by Jerome Chopard. The first protocol requires

’ software, whereas for the second one, it is

to use a dedicated “tissue edition’
necessary to use third party software, which is able to export the figure in SVG

format (e.g. Inkscape).

Briefly, both methods involve the following steps. Firstly, the membranes of
the individual cells are identified on the images. This information is used to
automatically reconstruct a graph, where the nodes represent the cells, and the

edges describe the cell neighbourhood relation (details in the next section).

Secondly, any required number of additional relation can be specified. These
relation must be a subset of cell neighbourhood relation. These relations are
used in the models described in this thesis e.g. to simulate active transport of
auxin mediated by PIN.

Thirdly, a specific information describing the properties of virtual tissue is
added. This mechanism is used in the models described in this thesis e.g. to
describe the identity of cells in virtual tissues (to specify initial or boundary con-
ditions for simulations). A short comparison between these protocols is given
in the table 4.1.

Here I demonstrate the example code required for tissue initialization starting

from Merrysim tissue presented in figure 4.2:

# using default properties, removing all default cell properties

const=TissueConst ()

const.cell_properties ={}

# reading tissue

tissue = read_walled_tissue( file_name=""/home/stymek/mdata/08-12-05-2cell’”’, const=const )
# displaying tissue (see figure 4.2)

tissue_visualization(tissue, ‘‘pylab_graph’’, show_wall_ids=True)

tissue_visualization(tissue, ‘‘cells_with_walls’’, cell_color=Green, wall_color=Black)

4.2.2.2 Structure core

The representation was designed to store vegetal tissues, in which the cells can
not move, contrary to their animal counterparts. The geometry of each polyg-

onal cell is described by explicit walls (i.e. they correspond to the projection of
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Figure 4.2: Tissue initialization using Merrysim protocol.
Figure 4.2A shows a screen shot of the Merrysim tissue editor in which two cells
were created. Figure 4.2B shows a screen shot of tissue visualization in PyLab,
whereas 4.2¢ an OpenGL visualization created using PlantGL.

anticlinal* cell walls). Internally, the data structure works on two complemen-
tary graphs: cell neighbourhood (C, N) and walls (V, W). The vertices of these
graphs are called respectively cells (C) and wall vertices (V'), and edges respec-
tively cell neighbourhood (N) and walls (W) (figure 4.3). The wall graph is
linked with an object describing wall geometry, which allows for explicit access

to wall vertex coordinates.

Special operations are provided to operate on tissue. Let us assume that: ¢ €
C,veV,ne N,we W. Each subgraph of the structure can be inspected with
standard graph API (e.g. neighbours(cV w), degree(cV w), edge(cl,c2 V
wl,w2), etc.). Additionally, two new operations, executed in constant time, are
added to the structure to make it possible to explore the relation between the

graphs (and therefore the cell to wall relation):

Operation Time Description

cell_shape(c)  O(1) Returns an ordered list of
wall vertices v

surrounding a cell.

wv2cells (v) O(1) Returns a list of cells in
which wall vertex v is

present.
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A B

Figure 4.3: The tissue representation in WalledTissue structure.

The figure 4.3A presents wall graph (in black) and cell neighbourhood graph (in
red). The figure 4.3B presents different elements of graphs: black circles depict
wall vertices, red circles depict cells, red lines depict cell neighbourhood, black
lines depict walls. The figure 4.3C presents the relations between wall graph
and cell neighbourhood graph. Each wall vertezr has an access to ordered cells
which it belongs to. Each cell has a list of ordered wall vertices which describe
its shape.

These are key operations of the tissue representation. After each modification
of the graph the data structure updates itself to keep the cell_shape and

wv2cells working.

The mutation of the structure assumes that only dedicated operations are al-

lowed:

Operation Time Description

remove_cell(c) O(C) Removes cell from cell
neighbourhood graph
(and all its wall vertices
from the wall graph if
they are not a part of
other cells).

divide_cell(c,wl,w2) O(C) Replaces the cell c with
two cells connected by a
new wall w. The wall
vertices of w “belong” to
wl, w2. Requirement:
wl,w2 € c Awl # w2

After initialization (which can be performed as described in 4.2.2.1), tissue is
augmented by performing divide_cell and decreasing by remove_cell oper-

ations. An example of divide_cell operation performed on a single cell is
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3 3
1 1
A B
| Operation | Before (figure A) | After (figure B) |
cell_shape(A) [1,2,3] -
cell_shape(B) - [1,4,5,3]
cell_shape(B) - [4,2,5]
wv2cells (1) [A] (B]
wv2cells(2) [A] [C]
wv2cells(3) [A] (B]
wv2cells(4) - [B,C]
wv2cells(5) - [B,C]

Figure 4.4: Operation of topological cell division.
Figures present a result of cell_shape and wv2cells operations in
WalledTissue structure presented before (4.4A) and after (4.4B) a division
divide_cell(A4,(1,2),(2,3)). Since the changes in cell neighbourhood graph
(CNG) and wall graph (WG@G) are explicitely visible on the figure, thus their
description here is omitted.

presented in figure 4.4.

Here I demonstrate an example of code modifying previously read tissue. Firstly,
50 cell division operations are performed (according to two different geometrical
strategies) and they are followed by 25 cell remove operations. Results are
presented in figure 4.5.

tissue2=tissue.copy()

for t in [tissue,tissue2]:

for i in range(50):

# first cell from the tissue is selected for division
# this cell changes in every step of iteration

if t=tissue: strategy='’shortest_wall”

else: strategy="'shortest_wall_with_shrinking”

t.divide_cell(t.cells()[0], strategy=strategy)

tissue_visualization(tissue, ‘‘cells_with_walls’’, cell_color=Green, wall_color=Black)

for i in range(25):

# a random cell is removed
t.remove_cell(t.cells() [int(random()*len(t.cells()))])

tissue_visualization(tissue, ‘‘cells_with_walls’’, cell_color=Green, wall_color=Black)
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Figure 4.5: A result of a series of cell divisions with different strategies followed
by cell removal operation on the tissue presented in figure 4.2.

Figure 4.5A-4.5B show cell modified by cell division strategy “shrinking” the
division wall, whereas 4.5C-4.5D uses the same cell division strategy, however
no “shrinking” is performed. For additional information concerning “shrinking”
please look in Nakielski [2000].



CHAPTER 4. COMPUTER REPRESENTATION OF TISSUE 163
4.2.2.3 WalledTissue properties

While modelling tissue, it is often required to store different information con-
cerning different attributes (e.g. cell identity, morphogen concentration in wall,
tissue age, etc). WalledTissue contains a uniform system to manage its prop-
erties. Properties are specified for each type of object in the structure. They
are accessed using a unified API. In the description X stands for cell, wv (wall

vertex), cn (cell neighbourhood), wall and z for the identificator of an object:

Operation Time Description

X_property(z,p,pv)  O(1) If pv is specified sets X z
property p to pv, else
returns the current value

of p property for x.

Here I present an example of code changing the properties of the previously

loaded tissue:

L1=[],wv_positions=[]

# the tissue was initialized in such a way that “Li_cell’” is a valid
# property for every cell

tissue.cell_property(l,”L1l_cell”, True)

for i in tissue.cells():
if tissue.cell_property(i, ¢Li_cell’’): L1l.append(i)
for wv in tissue.wvs():

# wv positions are stored in ‘‘position’ property

wv_positions.append(tissue.wv_property(wv, ‘‘position’’))

>>> L1=[1], wv_positions=[(1.0,2.0,1.0), ..., (5.0,3.2,1.0)]

Additionally, the structure API allows for selective properties save, load, import
between tissues and script specified initialization. Properties are closely related
with visualization, which can create properties dependent tissue visualization.

Internally, the representation of the system of properties is based on hash maps*.

4.2.2.4 WalledTissue visualization

A common helper operation performed on tissue is its visualization. Mersim
package defines a pack of strategies [Gamma et al., 1995] to provide different
visualization of WalledTissue structure. For each type of graph element default

geometry is specified (i.e. Point for vertices, Segment for edges), which can
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be used as a basis of the visualization. Different views of WalledTissue were
already presented in figures 4.2, 4.5. Additional visualizations are presented in
figure 4.6.

4.2.3 Cell division algorithm

In most plants, a typical mature cell is surrounded by a cell walls. Because
meristematic cells are “glued” together along their walls, plant organs grow
symplasticaly [Erickson, 1986]. The symplastic growth is defined as coordinated
growth of cells within the organ [Nakielski, 2000], where the neighbouring cells
do not slide with respect to each other and the organ as a whole maintains its
physical integrity. During such a growth, the cells are deformed (usually they
also increase in volume) and new cells are formed by divisions (which can be
viewed as replacing the parent cell by two daughter cells). It is important to
note, that cell growth and cell division can be view as separated, superimposed
processes. In this case, it is possible to define a cell division algorithm, which
depends only on current tissue geometry (and does not need to take into account

any previous developmental state of the tissue).

Cell division patterns are varying in different plant species, tissues, and even
in different locations of the same organs (e.g. SAM) Kwiatkowska and Dumais
[2003], Kwiatkowska [2004a,b, 2006]. Detailed studies of cell division patterns

with respect to cell were not studied extensively in this thesis.

In the context of this thesis, the purpose of geometrical division is to keep the
cell shapes in virtual tissue during development close to cell shapes observed
in vivo in SAM tissue. Furthermore, to allow maximum generality, this opera-
tion is based only on geometrical factors (e.g. this is opposite to the algorithm
proposed by Nakielski [2000], whose algorithm requires not only the geometry,
but also a primary direction of cell growth) and works efficiently on meshes.
In many approaches, algorithms describing growth and tissue geometry usu-
ally emphasize rules acting at the cellular level Prusinkiewicz and Lindenmayer
[1990].

Both, topological and geometrical component of WalledTissue structure are up-
dated by the algorithm. The update of topological component is an extension
of the algorithm proposed in VV and can be found in the thesis of Colin Smith
Smith et al. [2006a]. Original VV algorithm works on triangular mesh* and its
extension used in WalledTissue works on polygonal mesh*.

They are two major questions concerning cell division in the tissue i) when does
the cell divide? 4i) how does the cell divide (figure 4.7)7
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Figure 4.6: Different visualisation of WalledTissue structure.

Figure 4.6A shows 1-manifold tissue, with visualization imposing cell position.
Cells are represented by spheres (colour depends on cell properties). Figure
4.6B shows 2-manifold tissue with 3D geometry, where growth was driven by
mechanics (as described in 3), Cells are visualized again as spheres. Figure 4.6C
shows a reconstructed tissue (using algorithm specified in 4.2.2.1), where cells
are represented as polygons (color depends on z component of cell position) and
wall vertices as small spheres.
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oé@ 0
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Figure 4.7: Questions concerning cell division.
When a cell should divide (figure 4.7A)7 How a cell should divide (figure 4.78)7

The first question is intuitively related to growth and cell age. Usually, in
meristematic tissues a single cell grows during all its life and after being mature
enough. Therefore, cell age and cell volume are proportional. The observations
of meristematic tissues shows, that maximum area of L1 cells do not exceed
150% of average of these walls [Nakielski, 2000]. Therefore, a cell is chosen to

be divided, when a critical value of its volume is exceeded.

The second question is more difficult to answer. It is reduced to the following
problem: a cell is selected for the division. How a new cell wall (dividing the
cell into two daughter cells) should be inserted? To answered this question we
analysed cell division templates in real SAM tissue (figure 4.8). This inspection

lead to the most common scenarios of cell divisions observed in the SAM:

1. the new wall is dividing cell into two new cells of similar volume (B, C),

2. the new wall is the shortest possible wall connecting dividing the cell into

two parts and crossing the centre of the mass of cell (A,B),
3. the new wall is perpendicular to the old ones (A,C).

4. the new wall is formed in the middle of old walls (A, C).

These observations allowed us to formulate a different division strategies used
in the thesis. The division algorithm is accessible through mersim module. The

example of growth and cell divisions is presented in figure 4.9

4.2.4 Structure limits

WalledTissue can only be used for modelling structures with a mesh-like topol-

ogy. However, an important question is whether this method can be extended
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Figure 4.8: Illustration of common cell divisions patterns.
Images from Jan Traas.

Figure 4.9: Cell division algorithm.
The system is initiated with 2 rectangular cells (figure 4.9a), After a period
of growth and cell divisions number of cells increases (figure 4.98). Zoom of
the fragment of tissue shows, that in silico cell shapes are resembling real cell
shapes (figure 4.90C).
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to handle a wider class of topologies.

The volumetric tissue is an important example of structure which requires 3
manifold topology. Examples of such a representation are tetrahedral or cubic

vertex sets or voxel structures.

WalledTissue requires, that the cell neighbourhood is defined in a rotational
order i.e. for each set of cell neighbours we can define a cyclic ordering func-
tion. In a volumetric structure, a cell has a neighbourhood for which there is no
obvious rotational order. In general, there is no obvious local ordering around
a vertex in the non-planar case. However, it is important to note, that some
specific cases can be handled. For example, a voxel structure always has six
neighbours in the up, down and four adjacent positions. A simple neighbour-
hood ordering can be used when there is a fixed number of neighbours with a
fixed orientation. Such a requirement imposes the regularity of the geometrical

representation.

Some data structures were proposed for arbitrary discrete volumetric structures.
Two examples are G-maps and the group-based fields used in MGS Giavitto
et al. [2002], Giavitto and Michel [2003].

In the case of G-maps, the connectivity of each dimension of the structure is
maintained with an arrays of arrays, each array containing arrays representing
the next lower dimension down to a set of labels for dimension zero. At each
modification of the connectivity, each level of arrays must be updated. For ob-
jects with more than one or two dimensions, the analysis becomes complicated.
Moreover, G-maps are just a data structure, lacking operations to describe trans-
formations to the structure (therefore efficient simulations of DS?-systems re-

quire non-trivial structure extension).

Group-based fields in MGS can be used to describe any discrete structure of
arbitrary dimension, provided that the user can come up with a group that
describes the connectivity. It is technically possible to always find a group that
describes the connectivity of a structure, however, doing so in practice is often
difficult. It should be noted, that the examples provided in Giavitto et al. [2002],
Giavitto and Michel [2003] mostly deal with planar cases.



Summary

Research contributions

The research presented in this thesis is focused on in silico experiments devoted
to morphogenesis. One of the main objectives of this work was to make a step
towards better understanding of the mechanisms governing the plant develop-
ment and in particular, phyllotaxis. Frequently, the models presented in this
thesis were able to verify common biological hypotheses, however sometimes
they also raised new questions. Not surprisingly, many issues remain unsolved
and should be the subject of future work. In this summary I extract the main
scientific achievements of this thesis and in the end I propose a set of perspec-

tives for future work.

WalledTissue data structure The tissue structure described in Chapter 4
provides a flexible, computationally inexpensive representation used to model
virtual tissues (2.1), developing tip of the shoot apex with auxin fluxes (2.2), as
well as physical based simulation of the SAM (Chapter 3), demonstrating the
utility of this structure. This structure is a part of OpenAlea module mersim,
which makes it easier to reuse and to share the code. The module includes
various components (e.g. tissue constructors, cell division strategies, growth
algorithms, tissue visualizations, transport and diffusion processes, etc.) thus,

provides a framework for the study of tissue at cellular scale.

Exploration of flux-based auxin transport hypothesis I described our
work on the fluz-based concept introduced with the canalization hypothesis by
Sachs [1969]. We revised models that demonstrated vein formation and showed
some new properties of fluz-based mechanizm. We showed that constant auxin
synthesis allows for vein formation from sink to source, the concentration of
auxin inside of a vein is not necessary lower than in the tissue and how to update

the equation describing the transport to take into the account the geometry of

169
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the tissue. On the example of vasculature regeneration, we showed that the
flux-based mechanizm has the ability to dynamically reconfigure and adjust for
the new conditions, which resembles the PIN reconfigurations observed in the
L1 of the SAM.

Auxin-transport based model of phyllotaxis The fluz-based patterning
mechanism discussed in the previous section was inspired by experimental work
aimed at understanding the development of vasculature. Since the molecular
basis for the fluz-based mechanizm is hypothesized to involve the same compo-
nents as the transport-based mechanizm required for phyllotaxis, we decided to
check if the fluz-based polarization is a plausible candidate for the patterning
mechanizm in the L1. We adapted the fluz-based model to the SAM and followed
the conceptual model of phyllotaxis proposed by Reinhardt et al. [2003]. One of
the main advantages of this phyllotaxis model, is the fact that we demonstrated
that the same fluz-based mechanizm is sufficient to explain the events observed
not only in L1, but also in the rib zone of the meristem. Up to our knowledge, it
is the first model at cellular resolution which explains both, finding the location
for a primordium and vasculature formation below it. Since the model proposed
in Chapter 2 is an alternative to the concentration-based models proposed by
Jénsson et al. [2006], Smith et al. [2006¢], we compared them and suggested that
the ordering of the events of vasculature development and PIN reorientation on

the surface might be used to discriminate among the models.

Physical-based modelling framework The framework presented in Chap-
ter 3 allowed us to perform in silico experiments in which we investigated the
development of the SAM including the feedback between growth and auxin.
The simplistic, physical-based model made it possible to demonstrate that wall
hardening and isotropic growth are sufficient to reproduce continuous growth of
pin-shaped meristem. Our framework allowed us to express growth tropisms as
a function described by physiological processes. Using this framework we per-
formed the simulations of development in which growth was a function of auxin
concentration. We reproduced in silico the experiment described by Reinhardt
et al. [2000a], in which a patch of auxin was manually placed on the peripheral
zone of the meristem, which triggered the primordium initiation. The model
revealed a circumferential stress in the boundary zone. We presented a pre-
liminary work in which the auxin-transport model was changing the growth of
meristem by altering the mechanical properties of the cell walls. Although we
did not observed regular phyllotaxis, the framework is an upgrade comparing to
the previous models, since it includes a feedback loop between auxin transport
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and shape evolution.

Perspectives

This work, unsurprisingly, leaves many important questions which can be inves-

tigated further in the context of this thesis.

Flux-based issues Important issues concern fluz-based mechanizm. In this
thesis we followed the idea of Sachs [1969], according to which the flux of auxin
increases its polar transporter distribution in the direction of transport. This
mechanizm was used in the computer models which explain various phenomena,
(e.g. vasculature formation, leaf venation, phyllotaxis). However, nowadays
we have only a little of understanding what are the molecular basis of such a
mechanizm. It is, therefore, of a great importance to identify the molecular
components of this process and as a consequence, to validate the plausibility of
fluz-based models. This discovery would probably allow us to go one step further
with the modelling, allowing us to finetune fairly abstract mechanizm used in

the contemporary models to stay in better agreement with the real process.

Except of the polarization mechanizm itself, in the auxin transport models the
assumption concerning auxin synthesis, endocytosis and transport efficiency as
well as PIN synthesis and endocytosis are also crucial for the in silico experi-
ments thus, they require further experimental investigation. Closely related to
these issues is the problem of a reliable auxin marker, able to faithfully report
auxin concentrations. So called DR5::GFP is tissue dependent and often does
not provide unequivocal answers, leaving out a big margin for speculations. For
example, it is an important question if the regions of DR5::GFP activation cor-
respond to locations with high auxin concentrations or low concentration and

high directional fluxes.

Phyllotaxis issues The fluz-based model of phyllotaxis requires a rapid leak
of auxin from L1 inside the meristem dome. The exact mechanizm of this
process, however, has not been identified yet. Interestingly, the images show
lower expression levels of AUX pumps in the primordia L1 cells, which might
explain such a leak. However, since these data have not been investigated in
this context, they do not answer this question in a meaningful way (e.g. we
do not know how strong are the AUX pumps; we do not know if other eflux
carriers do not overtake the function of AUX pumps). These issues should be

studied more carefully.
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Better understanding of the polarization mechanizm on a molecular level, should
facilitate validating the requirement of the fluz-based phyllotaxis model to use
different feedback of auxin flux on PIN polarization in L1 and rib zone of the

meristem, which leads to laminar or canalization-like regimes.

It would be also interesting to build up a volumetric model of apical meristem,
where not only L1 but also the rib zone would be explicitely represented. In
such a model it would be possible to study the issue of vasculature development
together with the patterning in L1 within only one model, which might indicate
new difficulties and different, possibly testable conditions. The main difficulties
would be dealing with the growth in a volumetric structure, as well as much
higher computational complexity (e.g. the L1 of Arabidopsis SAM contains
about 300 cells, whereas the number of cells in whole meristem is in order of

thousands).

Physical-based simulations It would be very interesting to extend the pro-
posed physical-based framework and to simulate a 3D, volumetric representation
of the meristem. With such a model, the compression forces could also be stud-
ied, which might be important in various developmental processes (as discussed
in 3.6). This model might require to exchange the MSS approach by more suited
to 3D FEM method.

Another interesting perspective might be using of the proposed MSS framework
to simulate growth of real meristem and to reproduce a regular, spiral phyl-
lotaxis. First question which remains unanswered is whether fluz-based and
concentration-based patterning mechanisms are compatible with the increased
local outgrowth in the region of the primordia. The physical-based approach
seems suitable to investigate this questions, since it allows for straightforward
introduction of growth tropisms. This can be done by extending the physical-
based model presented in 3.5 by including more intensive primordia outgrowth

and the mechanizm keeping the realistic primordia shape.

Second question is inspired by the physical-based model and concerns the sta-
bility of the patterning mechanisms and their resistance to growth errors. Both,
concentration-based and fluz-based mechanisms are able to produce stable, spi-
ral phyllotaxis patterns assuming a regular growth (the regular, spiral patterns
were obtained only on structures with geometrical, imposed growth [Smith et al.,
2006¢c, Stoma et al., 2008]). The physical-based growth in the framework de-
scribed in 3.2 is less regular then the descriptive growth used in 2.2. It is
therefore possible, that the lack of stability in obtained phyllotaxis patterns in
a model described in 3.5 was due to less stable growth. This issue might be

investigated further by analysing growth of the real meristems and selecting
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possible sources of phyllotaxis errors (e.g. like discretization of the meristem,
due to compartmentalization into cells; errors in radial trajectories and veloci-
ties of vertices). These errors can be and then reproduced inside of the model
with descriptive growth and they influence on the stability of the patterns can
be tested.

Computer related issues Despite its simplicity, Walled Tissue appeared to
be a useful data structure for modelling a cellular processes. Since it is entirely
developed in Python, it should be rewritten in a faster, compiled language.
This would lead to faster execution times, and together with re-implementing of
expensive algorithms (e.g. mechanical solvers, physiological processes) it should
move current limits of real time simulations from 100 cells to about 1000 cells.

Second important goal should be designing of 3D, volumetric cell structure,
allowing us to simulate not only the surface of the meristem, but also its internal
parts. This should allow for accomplishing the targets of creating of 3D volumic

model of meristem, as well as mechanical simulations with compression forces.
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Appendix A

ODE/PDE equation in
(DS)*-systems

A differential equation (DE) describes the relation of an unknown function with
its derivatives of various orders. Differential equations arise in many areas of sci-
ence and technology, usually when continuously changing quantities (modelled
by functions) and their rates of change (expressed as derivatives) are expressed.
The intuitive example may be found in classical mechanics: Newton’s Laws
allow one to relate a body position, velocity, acceleration, various forces and
express it as a differential equation. This equation enables tracing of the body

position changing in time.

Differential equations are mathematically studied from several different perspec-
tives, mostly concerned with their solutions. Not all differential equations have
the solutions given by explicit formulas. If an explicit formula for the solution
is not available (e.g. not known, not existing), the solution may be numerically

approximated using computers.

The work in this thesis requires solving of differential equations. These equations
are used to describe different processes taking place in vegetal tissues such as
growth, deformations, transport of morphogens, etc. The systems studied in this
thesis, as mentioned before, are frequently (DS )2—systems. Solving of differential
equations in such a systems needs particular adaptations. In this section I
describe these adaptations. In general, solving of differential equations is a very
broad topic thus, here I focus only on its precisely chosen parts. As a result,
this text introduces only basic concepts which are required to understand the
ODE systems in the context of this thesis.
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For this thesis two applications of differential equation systems are particularly
important: i) particle-based systems, used to calculate the displacement based
on the forces in the system, ii) chemosmotic systems, changing the concentration
of morphogens in the tissue. The systems are described in details in Chapter
2 and 3, therefore in this place I focus only on numerical solving. In the first
part I introduce the basic definitions and concepts required for clarity of the
description of solving algorithm. Next, I explain how the solving algorithms are
chosen and adjusted to a given task. It is demonstrated on the example of a

system describing Decay Law.

A.1 Math primer

A.1.1 Differential equation

Let us consider first order differential equation (ODE), which can be denoted:
——=f@),1) (A.1)

This equation describes the change of y function by the change of its parameter
t. This change depends on the y function itself as well as on its argument ¢.
The analytical solution of equation A.1 is the function y which after inputing

to this equation changes it to an identity.

A.1.2 Numerical solving

Solving of such an equation in algebraic way is not always possible, since the
algebraic form of the solution does not necessary exist for all the problems. In
this case we can use the numerical methods to find the approzimation of the
solution. One of the simplest methods which allows us to solve such an equation
in numerical way is the Euler method. Assuming that the initial conditions yo
and function f (y,t) is known, the value of function y in all its domain using

the following formula can be found:

y(t+Aat) =y(t)+Atf(y(t),1) (A.2)

The issue of finding the value of function y knowing the yo and function f (y,t)
is called initial value problem. This equation is based on the observation, that
to evaluate function y value in the point ¢+ At it is sufficiently to know its value
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in the ¢, and to make a linear approximation on the At segment, which is given
by function derivate f (y(¢),t). The key requirement for using the numerical
method is discretization. In the example above, it is related to considering the
value of continous function f only in finite number of consecutive points, placed
in the distance of At from each other. It is important to note, that the accuracy
of the approximation increases with the decrease of this distance (At). Usually,

the equation A.2 is written in the algorithmic way:

Ynt1 = Yn +hf (Yn,t),

where y,, = y (to + nh); h = Az and is called the step length.

A.1.3 Precision

One of the important properties of such an approximation is its precision. Nu-
merical methods introduce two type of errors. The first is caused by the fi-
nite precision of computations (e.g. due to floating-point representation). The
second is due to the difference between the mathematical solution and the ap-
proximate solution obtained when the simplifications are made to the math-
ematical equations, to make them more amenable to calculations. Precision
is described by comparing the approximation result y, to the exact value of
function y (tg + nh). The absolute value of approximation error e is defined as
en = |yn — y (to +nh)|.

A.1.4 Solvers

The Euler method, presented in equation A.2, is only an example of a solver
finding the approximation of A.1. In the literature we can find different methods,
exhibiting different properties (short overview of methods I used during the
thesis is presented in the table A.1). Each solver, due to different algorithm
approximating the solution, can achieve different error in the same interval
of integration. Also, the execution time for one step can differ between the
solvers, due to the different complexity of the algorithm. The overall time of
the integration increases with the increase of step’s number. However, usually,
the error decreases with the decrease of h. Therefore, the more precision is

required, the longer are the calculations.
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A.1.5 Method order

An important property concerning the precision of the method is the dependency
between the error and step size. This property is usually measured using the
comparison of the method result to the result of Taylor series decomposition of
the function. The numerical method is called of order n if it gives the results
similar with n factor of Taylor series. It is important to note that for the
method of order n/2 the decrease of error is proportional to 2™. For example,
by comparing the the Taylor series to the Euler method:

y™ (1) dy (t) 2
t+h)= h* =y (t)+h O (h
y(t+h) n§:0 o y() +h—=+0 (),
we see that the two first factors are present in its development. This means that

this method is a first order method (n = 1).

A.1.6 A system of n first order equations

The equation A.1 can be generalised to describe not the single equation y and
its relation with its first derivative, but to describe the relation of n functions
y; and all its first derivatives. Assuming that Y = (y1,...,y.)" is a vector of

functions, it can be written in the following form:

This notation describes the system of n differential equations. It is important
to note, that y; refers to the linear combination of all the other functions which
belong to Y. This system can be efficiently solved by adapting the algorithms
used to solve a single equation Witkin [2001].

A.1.7 The reduction of n order equation to a system of n

first order equations

The equation A.1 can be generalised to describe not only the relation between
the function y and its first derivative, but to describe the the relation of a
function y and all its 1,2, .., n-th derivatives. It can be written in the following

form:

dMy (t)

g (y 1),y 1),y (1) ,t)
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Then this equation can be transformed into the system of n equation in the

following way:

1. We define a family of unknown functions: V1 < k < n.y; := y(k_l)
2. We rewrite the original system using the n first order equations:

() VI<k<n-—1ly, =yYk-1

(b) yiz = f (ylny, "'ayn—lat)

This technique is frequently used in computer science, because solving a system
of first order equations can be easily expressed in the algorithmic way (look in
[Press et al., 1992, Witkin, 2001]) and is much simpler than dealing with n-th

order equations.

A.1.8 Choosing and adapting the solver

The order of method and the step h are two factors which give us direct control
over the precision of the calculation. Usually, the increase of the precision of
the calculation (e.g. by decreasing the h or choosing higher order method),
results in the elongation of the computation time. Therefore, an important
issue while solving the ODE equation is to find a method and a step h which
allow us to find the solution with a given precision and in the shortest possible
time. Usually, it is done by trying different solvers with different steps h on
a simplified equation system for which we know the solution (e.g. we are able
to find it in an analytical way) and check the error of the calculation and the
time required for the integration. This issue can be illustrated on the classical
example: finding the solution of Decay Law, which is describe with the following

equation:

dr (t)
dt

= —kr(t)

And the initial condition is: r (0) = 1, which describes the system configuration
in time ¢ = 0. The analytical solution of this equation is a function r (t) = e~ *.
Knowing this, we can check the behaviour of different solving methods and the

step size required to achieve desired precision.

Figure A.1 show different behaviour of ODE solvers (Euler method, Runge-
Kutta of order 4 and LSODE) applied to Decay Law equation system. The
solvers are using different step size h. Figure (A.1A) shows the solution found by

the solvers, (A.1B) shows the error of the solvers, (A.1C) average time required
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for each solver to integrate the function on increasing interval. Analysing these
results, we can choose which method gives us desired precision, not exceeding the

maximal allowed time required for the calculation (if we have time constraints).

A.2 Particle-based system solving

The particle-based systems are frequently used in many different applications
Reeves [1983], Kaandorp and Gueron [2001]. Newton’s Laws allows expressing
of a position of a body as a second order differential equation involving various
forces acting on this body. As it was demonstrated earlier, a differential equation
of order n can be converted to a system of n equation of first order. It means
that to compute all the displacement in the system containing k particles we
need to solve a system of 2k independent, first order differential equations.
Another system of equation may be required to compute the forces in the system.
However, in the systems I use in my work, the equations describing the forces are
explicit and not in the form of differential equations (e,g. they describe processes
like elasticity, turgor pressure). The mechanical solver I use for mechanical-
based simulation uses the method well-suited for this type of problems: Runge-
Kutta of 4th order (for the problem analysis look in Bourg [2001], Witkin [2001],
for method implementation Press et al. [1992]). This method allowed me for
high precision of calculation with relatively big steps h, which lead to relatively

fast calculations.
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Figure A.1: Figures show the behaviour of different ODE solvers applied to
Decay Law equation system.

Curves correspond to different solvers: Euler method, Runge-Kutta of order 4
and LSODE solver for different steps h (which is specified as a second element
after ““” in the line description in the legend). The LSODE curve description
contains also a third item which describes another solver parameter: the required
precision. Figure A.1A shows the solution found by the solvers. Figure A.1B
shows the error of the solvers. Figure A.1C average time required for each

solver to integrate the function on increasing interval (each point in the line is
one simulation for given ).
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Appendix B

(Glossary

B.1 Biology

acropetal Growing or developing upwards from the base or point of attach-
ment, so that the oldest parts are at the base and the youngest are at the
tip (Wikipedia).

basipetal Growing or developing from apex to base, so that the oldest parts

are nearest the apex and the youngest are nearest the base.

dicots Dicotyledons, or "dicots", is a name for a group of flowering plants

whose seed typically has two embryonic leaves or cotyledons (Wikipedia).

epidermis The epidermis is the outer single-layered group of cells covering a
plant, especially the leaf and young tissues of a vascular plant including

stems and roots (Wikipedia).

gymnosperms are a group of spermatophyte seed-bearing plants with ovules
on the edge or blade of an open sporophyll, which are usually arranged in

cone-like structures (Wikipedia).

phenotype A phenotype is any observable characteristic or trait of an organ-
ism: such as its morphology, development, biochemical or physiological

properties, or behavior (Wikipedia).

phloem In vascular plants, phloem is the living tissue that carries organic
nutrients (known as photosynthate), particularly sucrose, a sugar, to all

parts of the plant where needed (Wikipedia).
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plastochrone is the time between consecutive organ formation. Usually it is
constant (Wikipedia).

procambium lies just inside of the protoderm and develops into primary xylem
and primary phloem. It also produces the vascular cambium, a secondary

meristem (Wikipedia).

rheology is the study of the flow of matter. It considers mainly liquids, but
also soft solids or solids under conditions in which they flow rather than

deform elastically (Wikipedia).

scanning electron microscope (SEM) is a type of electron microscope that
images the sample surface by scanning it with a high-energy beam of
electrons in a raster scan pattern. The electrons interact with the atoms
that make up the sample producing signals that contain information about
the sample’s surface topography, composition and other properties such

as electrical conductivity (Wikipedia).

stem cells are cells found in most, if not all, multi-cellular organisms. They
are characterized by the ability to renew themselves through mitotic cell
division and differentiating into a diverse range of specialized cell types
(Wikipedia).

thallus from Latinized Greek Yahhoc (thallos), meaning a green shoot or twig,
is an undifferentiated vegetative tissue of some non-mobile organisms,

which were previously known as the thallophytes (Wikipedia).

vascular tissue is a complex conducting tissue, formed of more than one cell
type, found in vascular plants. The primary components of vascular tissue

are the xylem and phloem (Wikipedia).

xylem In vascular plants, xylem is one of the two types of transport tissue,
phloem being the other. The word "xylem" is derived from classical Greek
Zulov (xylon), "wood", and indeed the best known xylem tissue is wood,
though it is found throughout the plant. Its basic function is to transport
water (Wikipedia).

B.2 Computer science
API An application programming interface (API) is a set of declarations of

the functions (or procedures) that an operating system, library or service

provides to support requests made by computer programs (Wikipedia).
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approximation An approximation (represented by the symbol =) is an in-
exact representation of something that is still close enough to be useful.
Although approximation is most often applied to numbers, it is also fre-
quently applied to such things as mathematical functions, shapes, and

physical laws (Wikipedia).

complex system A complex system is a system composed of interconnected
parts that as a whole exhibit behaviour not obvious from the properties
of the individual parts (Wikipedia).

computing, distributed deals with hardware and software systems contain-
ing more than one processing element or storage element, concurrent pro-
cesses, or multiple programs, running under a loosely or tightly controlled

regime (Wikipedia). v

computing, parallel is a form of computation in which many calculations
are carried out simultaneously,[1] operating on the principle that large
problems can often be divided into smaller ones, which are then solved

concurrently ("in parallel") (Wikipedia).

discretization In mathematics, discretization concerns the process of transfer-

ring continuous models and equations into discrete counterparts (Wikipedia).

graph In mathematics and computer science, a graph is the basic object of
study in graph theory. Informally speaking, a graph is a set of objects
called points, nodes, or vertices connected by links called lines or edges
(Wikipedia).

GUI is a type of user interface which allows people to interact with electronic
devices such as computers, hand-held devices (MP3 Players, Portable Me-
dia Players, Gaming devices), household appliances and office equipment
(Wikipedia).

hash map In computer science, a hash table, or a hash map, is a data struc-
ture that associates keys with values. The primary operation it supports
efficiently is a lookup: given a key (e.g. a person’s name), find the cor-
responding value (e.g. that person’s telephone number). It works by
transforming the key using a hash function into a hash, a number that
is used as an index in an array to locate the desired location ("bucket")
where the values should be (Wikipedia).
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S. Dufour-Kowalskit, C. Pradal, N. Doness, P. Barbier de Reuilles, F. Boudone, J. Chopard:, D. DaSilvas, J.-B. Durandss, F
Ferraros, C. Fourniers, Y. Guédons, A. Ouangranuas C. Smiths, S. Stoma, F. Théveny:, H. Sinoquet: and C. Godin

TINRIA, France; 3INRA, , France; 4Université Manlpi\heva Montpelier, France; SINRA,
Thnanas cognon Farve, SCmorcte Bodams . L Toonone Faneer NG LKA, o, Flasee SINFA, 1620 1arpete, Fancs

A collaborative approach
The open source OpenAlea project's goal is to share and reuse heterogeneous models from the FSPM community

The open source development model provides a framework to efficiently develop a software platform
in a scientific context. It improves:

a) scientific collaboration by providing free access to published scientific models;
b model comparison by grovldlng access to the source code for the entire community;
c% synergy by enhancing t ion between multidisciplinary research teams;
d) economies of scale by sharing ion and cost; and
(e) software quality by enforcing common rules and best practlces

Free Licensing

e OpenAlea platform is distributed under a free license (GNU LGPL) allowing external components
to choose their own license (i |nc|ud|n? proprietary). Each modeler is responsible for the development
of its modules but takes advantage of the facilities provided by the platform.

Coding and Modeling sprints
Developers and modelers start collaboration and work together in pairs on a common objective during
coding and modeling sprint sessions, encouraging communication, feedback and exchanges.

Collaborative environment
Documentation, source code, forum, bug tracking and binary distributions are freely available on a
collaborative web space (hnp!/cpenalea gforge.inria.fr).

Diffusion

Available models are distributed and shared via the network and are easily installable throught the k )
OpenAlea installation framework. License, author and copyright information are included in each

package. Visualea: OpenAlea visual programming interface. Modules are
represented by boxes with Inputs and outputs. The graph represents the
program flow, here, a stand generation process (Da Siiva et al. FSPMO7).

First integrated components
Plant Architecture analysis

Multiscale plant architecture databases are
constructed from field mesurement using
different  methods  (digitiser, topology
mapping, etc). 3D plants structures are
reconstructed and  various tools are
available to explore their topology and their
geometry (Godin et al. 1999).

ysiological pri

model simulates rainfall interception and
msmbuuon by plants. It has been applied on 3D banana
plants mock-ups. DropTii provides meshing algorithms for
digitised leafs and Droplnt computes water flows,
interception and splashing on a virtual plant or a plot
(Dufour-Kowalski et al. FSPM 2007).

EL ..,'

Caribu is a model for lighting 3D virtual plant canopies. It
uses the nested radiosity algorithm (Chelle et al., 1998), and
gives a precise estimation of light absorption at the level of
small canopy elements (typically 1 cm2). The model Iis
composed of: MCSAIL, that computes turbid medium
equations on a layered canopy and CANESTRA, that
computes radiosity and projection.

. The hidden Markov iree models are used to

1 identify tree entities with similar characteristics
(length, presence/absence of flowers,...), an
to characterise how they change within the
trees (gradients). Here, each category of
entities corresponds to one of the 8 hidden
states. The restoration of the hidden states

leads to a visual labelling of the entities using CATE ie A eimilation madal
e 8 classes. See (Durand ot al. FSPM 2007). RATP is a simulation model computing radiation interception, .

transpiration and carbon gain of tree canopies for a range of spatial
scales. The tree structure is abstracted with a set of voxels fitting
the canopy shape and accounting for the spatial distribution of leaf
area density. Radiation interception is computed from the turbid
medium analogy. Transpiration and photosynthesis are derived
from the energy balance and the biochemical Farquhar's model
(Sinoquet et al. 2001).

Dlstnbuton of th enty ength g each state

Multiple change-point models are used to identify growth phases
along tree main axis (Guédon et al. FSPM 2007).

The fractal dimension of a plant
characterizes the complexity of e e

plant follage. It can be estimated using the Box Counting | Meristem Modeling
Method. It uses tools to discretize the plant volume in voxels at
different scales 6. The number of voxels intercepted by the

The Phyllotaxis toolkit provides tools to visualise and analyse various standard phyliotaxis
model propemes (dlvevgenve angles, time between primordia creation, etc). We show here an

e . 3‘:&;] Z‘?m ;s“"g:“sg-s ;i's"gdaby'a;‘gl;:a" presbontic g:;'fs :nv inhibitory field based model. Others, like auxin transport
og Ny based famiy (Johmson el 12006, Smih e l. 2006) aro also avalable.
Dy =lim 3 T 6 the log of these 2 quantities (Da silva et al. 06). ased family (Jol "S‘Te @ mih et ) are also avallable

Plant geometry modeling

PlantGL is a graphic library dedicated to plant modeling. It contains a
hierarchy of geometric objects that can be assembled into a scene
graph, a set of algorithms to manipulate them and some visualization
tools (Pradal et al. 2007). Plant and forest mockups can be build and
analysed interactively. For instances :

Stands are generated by positioning and deforming coarse b ¢ Mechanical model of tissue growth.
representations of Individuals using a distribution method based on At tissue scale, a set of interconnected modules make it

Gibbs process that simulates tree competition (Boudon et al. 2007). S possible to simulate the growth of plant organs. Physiology
: modules are used to compute the change of the state of
Different tree architectures can be generated procedurally. The model cells (i.e. chemical concentrations, genetic state) taking into

defined by Weber and Penn (Weber and Penn, 1995) is used for tree account the state of adjacent cells. A mechanical model of
generation and is based on a set of allometric rules. Fundamental cells is used to compute cell deformation and growth under
parameters are, for instance, the overall appearance of the tree, the size 3 turgor pressure (Chopard et al. 2007). This information is
of the lower part of the tree without branches, the max branching order, ; then integrated at tissue scale to compute the growth
and the curvature of the axes. achieved by the tissue throughout time.
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Figure C.1: FSPM in Napier, 2007.
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Auxin transport in the SAM: Canalization as a unifying
concept for auxin transport in plant development
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Modelling phyllotaxis
Several macroscopic models at the tissue level have been proposed to explain phyllotaxis:
Minimum-space (van Tterson 1907, Snow&Snow 1962):
The primordium initiation requires a "minimum space" free of all other organs
before it can occur.

Inhibitory-based models (Schoute 1913, Couder&Douady 1996, Smith ct al. 2007):
The primordium produces an inhibitor (or takes away a stimulator) which
prevents other primordia to form.

At the cellular level polar active auxin transport (by a family of membrane transporters of
the PIN family) seems to play an important rolc (Reinhardt ct al. 2003). At this level one
model has been proposed that can explain the macroscopic behaviour:
The cells probe their environment and 'pump' auxin to the neighbours with a higher
concentration (Up-The-Gradient: Jonsson et al. 2006, Smith et al. 2006). As a
consequence, PIN transporters polarise towards the auxin maximum. This model can
explain phyllotaxis.

St )

A conceptual problem

While an Up-The-Gradient model has been proposed for phyllotaxis, a completely

different auxin transport mechanism has been proposed for other patterning mechanisms

in the plant, in particular venation in leaves and stems: the Canalization concept (Sachs
).

Canalization assumes that auxin flux controls the localisation of auxin transporters.
The cells sense an initial flux, which s subsequently reinforced by the PIN transport
system,
Since it seems strange that the plant would use two distinct mechanisms involving the
same molecular clements, we wondered whether the Canalization could be used as well
to explain the genesis of phyllotactic patterns.

Canalization equation system

The Canalization system could be denoted:

de;
= 2 Jin
neN;
Jien =7 (€npn,i — CiPin)

The concentration of product in the cell changes according to the net flux of auxin
between its neighbours. The net flux is the difference between incoming and outcoming
product particles. The gamma describes the efficiency of the product transport and the
reaction constant for Prod+Tran->Tran,, , The key concept of Canalization states that the
transporter concentration changes with the flux of product, which could be denoted:

i _

gt = 2Uimi) Fop =i

Canalization-based model can mimic inhibitory-
based model

The active transport in the Canalization-bascd phyllotaxis model mimics the behaviour
of inhibitory field, therefore the model is able to reproduce the same patterns as
inhibitory based model family. Primordium instead of producing the inhibitor, drains the
activator. The role of the activator is played by IAA. As a consequence, the concentration
of auxin explicitly corresponds to the inhibitory field. The ficld is modificd by the active
transport of auxin, which is governed by PIN proteins. Primordia act as sinks, draining
the auxin from the meristem. The auxin concentration gradient is increasing with the
overall distance from all primordia and it is smooth (which is the reason why it can
‘mimic the inhibitory field):

o

New primordium is inserted as an indirect result of the meristem growth. The growth
moves primordia away from the meristem centre, which increases the concentration of
auxin in the competence zone. The primordium is inserted in the competence zone, when
the concentration of auxin exceeds certain threshold. Inserted primordium acts as a sink
and modifies the concentration gradient of auxin in whole meristem:

Conclusion

The Canalization-based model shows that the Canalization concept s possible as a
unifying hypothesis of auxin transport in the plant. Predictions from Canalization and
Up-The-Gradient models have now to be tested using experimental approaches.

o BT s
b e o o -
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Canalization-based phyllotaxis model
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In the Canalization model an initiation of new primordium looks as follow: each primordium acts as a sink,
therefore it lowers the concentration of auxin in its closest neighbourhood. The concentration of auxin in
primordia is lower than in the neighbourhood. Due to the growth of meristem primordia move away from
each other (a), which increases the concentration of auxin in the region between them. The maximum of
concentration of auxin gradually appears in the place maximising the distance between all primordia (b).

‘The pumps in L1 close to the maximum point in the direction of the closest primordium (or the centre). The
concentration of auxin exceeding certain threshold induces the change of the cell identities in the zone of

‘maximum concentration of auxin. These cells are recruited to the initium (c). The change of cell identities in

the initium stimulates formation of the vasculature (d). The vein formed below the initium drains the auxin
and converts the initium into a minimum (¢). The initium acts as a sink and drags the auxin from the
neighbourhood. The flux induced by this process reverses pump polarisations in the direction of initium on
the surface ().

a b c d ¢
o T P R o o R R
Low IAA

In the Up-The-Gradient model an initiation of new primordium looks as follow: each primordium acts as|

a sink, therefore it lowers the of auxin in its closest The of
auxin in primordia is higher than in the neighbourhood, because we assume that the removal of auxin
from L1 is smaller then the net flux coming to primordia. Due to the growth of the meristem primordia
move away from cach other (a), which changes the balance between active transport and diffusion. This
change reverses pump polarisations in L1 in the direction of place maximising the distance between all
primordia (b). This reverse creates the new maximunm of the concentration of auxin (c). The
concentration of auxin exceeding certain threshold induces the change of the cell identities in the zone
of maximum concentration of auxin (d). The change of cell identities in the initium stimulates formation
of the vasculature (¢).

Figure C.2: MEET in Berlin, 2008.
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Figure C.3: Cover of October issue of PLOS Computational Biology 2008.
Transport of the plant hormone auxin in a virtual meristem: A comparison
between simulations and experimental data. Top: observed distribution of
auxin transporters (PIN proteins) in shoot apical meristem cells of
Arabidopsis. The image was obtained by immunolabelling of the PIN1
auxin-carrier using confocal microscopy. Bottom left: Digitized version of the
top image where the efflux carriers have been manually positioned. Bottom
right: simulated distribution of efflux carriers (in red) emerging from a
flux-based polarization hypothesis of auxin transport. This type of virtual
experiment makes it possible to test in silico different hypotheses on
mechanisms that are not fully accessible experimentally and to assess their
plausibility by comparing predictions with experimental data.
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C.3 Original papers

C.3.1 Using mechanics in the modelling of meristem mor-
phogenesis

This annex contains the work presented during the Fifth International Workshop
on Functional-Structural Plant Models which was held in November 2007 in

Napier, New Zealand.
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Introduction

Shoot apical meristems are small groups of rapidly dividing, undifferentiated cells, which generate all
aerial parts of the plants. Recently, spectacular advances in molecular biology and genetics have provided
a wealth of information on meristem functioning. However, the amount of available information is now
such, that an integrated view is no longer possible. As a result, researchers have been led to develop
computational models in the form of wvirtual meristems to analyse this complexity in silico and to test
different hypotheses. Only very recently three such models have been described [8, 1, 5]. All three are
able to integrate various cell-based processes and show different emerging behaviours (e.g. meristem
maintenance, phyllotaxis). This pioneering work has demonstrated that the in silico analysis of plant
development can be an extremely useful complement to classical experimentation.

Previous models have focused their interrogations on physiological processes in the meristem for a
given, predefined, tissue shape. However, in nature, the shape itself is the result of a continuous feedback
loop between physiological information and growth. As suggested by [4, 2], the mechanical components
of the cells could provide such a link. In this work, we consider the problem of integrating such a feedback
loop in meristem development.

The role of mechanics

As physical objects, cells obey mechanical laws. In plants, a major factor controlling cell shape is the cell
wall, which resists to the internal turgor pressure and guarantees the final shape of the cell. Turgor (IIy)
induces mechanical constraints (¢) into the walls :

dive = Iy (1)

Being elastic, walls deform and elongate to adjust to this stress. This deformation (¢) depends on
mechanical properties of each wall which is caracterized by set of parameters (called tensor of elasticity,
K):

€-) (2)

IS}

11>

The equations of mechanics (1 and 2) allow us to compute the elongation (¢ — £%) of each wall (and thus
each cell) for a given state (turgor pressure). However, to obtain a given shape, elastic deformations
are not sufficient and plants must add material into the walls to achieve some plastic deformation. One
biochemical hypothesis [3] is that cells add material to fill the void between cellulose microfibrils in the
wall. The more the wall is stretched, the more gaps are being created between fibrils, the more material
must be added to the wall. This modifies the reference state (%) of the wall and thus growth is increased
in the direction for which (g —£°) reaches maximum. By synthesising expansins (e.g. auxin) that change

cell walls’ elasticity (K and then g) or wall repair rate (parameter G in equation 3), meristem shape can

emerge fom cell physiological properties.

Mechanical model of meristem surface

In Arabidopsis, the external cell layer (called L1) playp a crucial role in meristem functioning [6]. To build
up a mechanical model of this surface, we projected the L1 cells on the external surface of the meristem to
obtain a polygonal mesh. Each polygonal cell is surrounded by the edges that stand for the projection of

1



its anticlinal walls, assuming an infinitely small thickness of the walls. A junction between edges is called
a vertex. The behaviour of all inner cells of the meristem is summarized by an overall turgor pressure
that perpendiculary pushes the surface and prevents the L1 layer from collapsing (as expressed in (d) on
figure 1).

To describe the mechanical properties of a meristem the representation described above is expressed
in terms of a mass-spring system (MSS). Each edge e; has an associated spring while masses are attached
to the vertices. The mechanical behaviour of each spring is characterised by two parameters: a stiffness
K; and a rest length [{. Growth is expressed as a change of spring rest length [ depending on the current
spring tension :

ol ] o if [l;(t) — 9] < threshold 3
ot { Gli(t) = 19] else (3)

where G is a growth rate. This change, in turn, induces a new mechanical state. A solver for particle
systems [9] was designed to trace the shape evolution of the mesh.

This model was used to reproduce in silico the change of shape of the Arabidopsis pinl mutant
depicted by Reinhardt [7]. This paper describes the emergence of a young primordium near the position
of an applied patch of auxin. Cells with high auxin concentration grow faster, possibly due to the change
in the mechanical properties of their walls. We simulate this behaviour by changing the mechanical
parameters K of the springs associated with edges of the cells with high auxin concentration. In our
model this resulted in faster, local growth in the auzin-positive region (in red on figure 1 (a)). The bump
shaped structure, that appears, reproduces the appearance of a young primordium (simulation output
presented in figure 1 (a)).

Figure 1: Model of meristem surface
This figure shows in (a) the modelling of primordium induction by an auxin patch applied in the red region. On (b), solid
bars (horizontal segments, in black) are linked by elastic springs (vertical segments, in yellow). Extremities of the system
are fixed. A pressure applied from bottom on the system will push all the bars to top. Crest formation is thus impossible.
The red cell in (c) collapses due to the load of its neighbors. The explicit L1 layer representation (green poligons) with

implicit inner cells (represented as pressure force — orange arrows) in (d).

Modelling only surface cells with 1D walls as springs is an efficient way to address meristem shape
modelling. It allows fast computation of meristem shapes when testing different parameters of this
complex system. In addition, the use of springs seems to be compatible with what is known on the
biological system. In particular the concept of growing springs yielding to an inner force is clearly
coherent with the idea of cell wall synthesis permitting the cells to yield to inner pressure. However,
the implicit representation of the inner cells as a generalised pressure makes it impossible to generate
more complex shapes (see figure 1 (b)). To model a crest instead of a bump, for instance, we need to
explicitely represent the interior of the meristem. In addition, the use of MSS is suitable for small shape
deformations but becomes less straight forward when dealing with more complex deformations. Because
the link between two springs has no rotational constraint, cells under external load tend to collapse (see
figure 1 (c)).

Mechanical model of meristem volume

To address complex shape changes, we need to modze]IQexplicitly the interior of the meristem. The simplest
conceptual way to do it consists of implementing a full 3D model of a tissue. In this model, all cells are
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represented as polyhedra as shown on figure 2 (a). We assume that the wall between two cells remains
planar and can thus be represented as a polygon in space. Wall mechanical properties are summarized
by the two principal directions of the elasticity tensor in this plane. This assumption allows us to use
the shell theory to compute deformations and constraints in the meristem with a finite elements method.
As in the previous model, growth is computed as a function of the amount of deformation of the mesh
standing for the meristem, parameterized by the physiological state of each individual cell.

The young carpels formed by the young Arabidopsis flower, arise together as a cylindrical shape
on the top of the floral meristem. They provide a typical example of complex structure (see figure
2 (b)) previously described on figure 1 (b). The model makes it possible to simulate the result of a
differentiation of a ringlike domain cells around the meristem center. These cells grow out more quickly
than their neighbours, which is caracterized by a more rapid extension of the cell walls in the model. A
3D representation of this meristem shows the formation of the cylindrical style tube (see figure 2 (c))

LD DO OO

a b C

Figure 2: Carpel formation
(a) 3D meristem representation where cells appear as polyhedra. (b) Simulation of carpel development. From an initial
state (on top) with a bump shaped meristem, the simulation runs to a crest shaped tissue (on bottom). (c) 3D

representation of the final state of the simulation depicted in (b) that shows the formation of the style tube.

Conclusion

In the talk, we shall present the application of mechanical models to the integrated simulation of primordia
generation and carpel development. We shall discuss how these models relate physiological information
to meristem morphogenesis. By closing the feedback loop, they provide, a useful complement to previous
models that mainly concentrated on physiological processes.
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C.3.2 Flux-Based Transport Enhancement as a Plausible
Unifying Mechanism for Auxin Transport in Meris-

tem Development

This anex contains the paper published in October issue of PLOS Computational
Biology 2008.
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Abstract

Plants continuously generate new organs through the activity of populations of stem cells called meristems. The shoot
apical meristem initiates leaves, flowers, and lateral meristems in highly ordered, spiralled, or whorled patterns via a process
called phyllotaxis. It is commonly accepted that the active transport of the plant hormone auxin plays a major role in this
process. Current hypotheses propose that cellular hormone transporters of the PIN family would create local auxin maxima
at precise positions, which in turn would lead to organ initiation. To explain how auxin transporters could create hormone
fluxes to distinct regions within the plant, different concepts have been proposed. A major hypothesis, canalization,
proposes that the auxin transporters act by amplifying and stabilizing existing fluxes, which could be initiated, for example,
by local diffusion. This convincingly explains the organised auxin fluxes during vein formation, but for the shoot apical
meristem a second hypothesis was proposed, where the hormone would be systematically transported towards the areas
with the highest concentrations. This implies the coexistence of two radically different mechanisms for PIN allocation in the
membrane, one based on flux sensing and the other on local concentration sensing. Because these patterning processes
require the interaction of hundreds of cells, it is impossible to estimate on a purely intuitive basis if a particular scenario is
plausible or not. Therefore, computational modelling provides a powerful means to test this type of complex hypothesis.
Here, using a dedicated computer simulation tool, we show that a flux-based polarization hypothesis is able to explain auxin
transport at the shoot meristem as well, thus providing a unifying concept for the control of auxin distribution in the plant.
Further experiments are now required to distinguish between flux-based polarization and other hypotheses.
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Introduction

During plant development, organs are continuously created by
small populations of cells called apical meristems. The so-called shoot
apical meristem (SAM) generates all the aerial parts of the plant. The
SAM is a highly organized structure, composed of a central zone
required to maintain the meristem and a surrounding peripheral
zone, that is competent to initiate new organ primordia [1]. The
young organs are usually initiated in highly ordered spiralled or
whorled patterns. This remarkable arrangement of organs is called
phyllotaxy and varies according to particular plant species and
growth conditions. Over the last two centuries, phyllotaxy has been
extensively studied and different models for this patterning process
have been proposed. From a mechanistic point of view, it is now
widely accepted that phyllotaxy emerges from a process of local
lateral inhibition: each primordium creates an inhibitory field in its
vicinity where no other primordium can develop. This basic
inhibitory field hypothesis (see [2] for a review), is potentially able
to generate a wide range of phyllotactic patterns [2-6].

Hypotheses concerning the physiological nature of these

the signalling role of a key hormone called auxin, that plays a
crucial role in primordium formation [1]. Auxin is actively
transported throughout the plant from cell to cell by carriers that
are located at the cell plasma membranes [8]. During auxin
transport influx carriers of the AUX/LAX family, facilitate auxin
import into the cells. This is in contrast to the PIN-FORMED
(PIN) proteins, which facilitate efflux [9]. Interestingly, PIN
proteins often accumulate on one particular side of the cell, thus
suggesting that auxin is evacuated preferentially via that side.
Importantly, PIN carriers often show locally coherent orientations
between groups of neighbouring cells, indicating that PIN
orientation is coordinated at the level of tissues [7,10]. It is
therefore possible to imagine how cells could transport auxin from
cell to cell throughout the plant, thereby creating fluxes that lead
to local hormone maxima and minima [11,12]. These differences
in concentration would subsequently be interpreted in terms of
differential gene expression and growth rates.

At the SAM, auxin importers and exporters are mainly
expressed at the meristem surface [7]. When auxin transport is
inhibited, organ initiation is severely affected or even totally absent

inhibitory fields were proposed only recently [7]. They rely on215 [13]. In addition, the cells at the SAM orient their PIN proteins
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Author Summary

Plants continuously generate new organs through the
activity of populations of stem cells called meristems. The
shoot apical meristem (SAM) initiates leaves, flowers, and
lateral organs in highly ordered, spiraled, or whorled
arrangements via a process called phyllotaxis. Auxin, a
plant hormone, plays an essential role in this process. It is
actively transported from cell to cell by specific mem-
brane-associated transporters. In the SAM, this coordinat-
ed transport creates organized auxin fluxes resulting in
hormone accumulation at precise positions, where organ
formation is triggered. One key question in this process is
to understand how auxin transport is coordinated. To
address this issue, we have investigated a specific
hypothesis, the canalization hypothesis, whereby every
cell senses and attempts to stabilize existing hormone
fluxes. Because such a patterning process would require
the interaction of hundreds of cells, it is impossible to
estimate on a purely intuitive basis whether it would be
able to generate the observed organ positions. We,
therefore, developed a computational approach to test
this hypothesis and showed that a flux-based mechanism
is indeed able to generate phyllotactic patterns and is
consistent with biological data describing meristem
development.

towards the young primordia and it is now currently thought that
organs are initiated at auxin accumulation points, while the
hormone is depleted in their neighbourhoods [7]. The young
primordia would thus create drainage basins in their vicinity which
would be equivalent to the inhibitory fields proposed previously.
While the coherent behaviour of PIN proteins in cell populations is
well established, the actual mechanism behind this phenomenon is
still not well understood. So far two basic concepts have been
proposed.

A first hypothesis is based on the pioneering work of Sachs
(1969) on vascular tissue differentiation in plants [14]. Sachs
proposed that auxin transport is facilitated during the process of
vascular tissue induction. He suggested that the positive feedback
between flux and transport is able to amplify small fluxes and
can potentially create canals of auxin between auxin sources and
sinks that subsequently differentiate into vein tissues. This
positive feedback between flux and transport is at the basis of
the flux-based polarization mechanism we study in this work. The
canalization hypothesis was then formalized by Mitchison [15,16]
who developed a mathematical model of this process that
increases membrane permeability of cell plasma membrane on
the sides where the net flux of auxin is positive. This model was
then further studied in the context of leaf venation pattern by
several authors [17-20] who interpreted the canalization hypoth-
esis as a feedback mechanism between auxin fluxes and PIN
transporters and studied the properties of such a coupling both
on a fixed shape and during leaf development. From the
biological point of view, recent experiments tend to support the
canalization hypothesis, at least in the inner tissues of the plant
[21-23]. However, whether it could also account for the
behaviour of auxin transporters in other parts of the plant such
as the shoot and root apical meristem or leaf margins remains an
open question.

More recently, a second concept was proposed to explain auxin
transport at the SAM surface [24,25]. Based on the observation
that PIN carriers point to primordia initiation sites in the SAM
which supposedly correspond to auxin maxima, it was hypothe-

Flux-Based Polarization in Meristem Development

differentially drive the polarization of PINI to the corresponding
portion of the membrane between each cell and its neighbours
[24]. The cells would thus tend to export auxin against the auxin
concentration gradient (referred to here as concentration-based
hypothesis), thus amplifying differences in local auxin concen-
trations and creating local maxima or spots of auxin [22]. The
comparision of concentration-based and flux-based polarization
hypothesis is presented in Figure 1, Using computational
modelling, several authors were able to show that concentration-
based hypothesis can produce spiralled and whorled phyllotactic
patterns. In a recent article, Merks et al. proposed a modified
concentration-based hypothesis [26]. Although it requires further
development, it is potentially able to explain the formation of
veins in internal tissues. Could it, therefore, represent a unifying
mechanism for the control of auxin fluxes throughout the plant?
A major argument against this idea is that the model does not
seem to be compatible with the presence of stable auxin maxima
in tissues. This is typically the case at the root meristem, where a
continuous, stable auxin maximum is maintained with incoming
and outgoing fluxes [27]. In a recent study, Sauer et al. suggested
that cell-type specific factors could decide whether one or the
other mechanism would be used [23], but this remains to be
proven.

Since the concentration-based hypothesis can not, on its own,
provide a unifying mechanism for the control of auxin fluxes in the
plant, we investigated whether flux-based polarization hypothesis, as
the other major concept in the field could provide a realistic
alternative. Since such cell-cell signalling based patterning
processes involve the interactions between hundreds of cells it is
impossible to estimate on a purely intuitive basis if a particular
scenario is plausible or not. In this context, computational

B Hl B0 W
O o B
A C D

B’ Bl
M O
E F

Figure 1. Comparison of two PIN orientation hypotheses. The
concentration of auxin in the cells is marked with green (the brighter
green, the higher the concentration), the fluxes are depicted with
yellow arrows, and PIN concentration at the membranes are indicated
by red lines with variable thickness (the thicker the line the higher the
concentration). Note that the fluxes might be independent from the
concentrations. (E-H) show the principle of the concentration-based
hypothesis and (A-D) show the principle of flux-based polarization
hypothesis. In both cases the key question is how the cell marked with
“?" should allocate the PINs to its membranes (A,E). In the case of the
concentration-based hypothesis this cell makes the decision based on
the concentrations in the neighbouring cells. The higher its neighbours
auxin concentration, the more PIN will be inserted in the membrane (F).
Flux-based polarization depends on the net flux between neighbouring
cells. The higher the net flux to its neighbour the more PIN will be
inserted in the membrane (B). In both cases the newly allocated PINs
change the concentrations and fluxes (C,G), leading to the next iteration
of the scenario (D,H).

sized that relative concentrations of auxin in neighbouring cells216 doi:10.1371/journal.pcbi.1000207.g001
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modelling provides a powerful means to test this type of
hypotheses. We therefore designed a set of models and showed
that the flux-based polarization mechanism is able to:

1. generate spiral phyllotactic patterns observed in the SAM,

2. produce provascular strands below primordia in the subepi-
dermal meristem layers,

3. reproduce stable auxin maxima as observed in the root
meristems.

We therefore conclude that flux-based polarization could
provide a unifying principle for the guidance of auxin fluxes in
the plant. In addition, our model leads to a set of testable
predictions, that should be able to distinguish between the flux-
based and concentration-based polarization hypotheses.

Models

Biological Assumptions

To model auxin transport in a tissue we used a set of auxin
related hypotheses derived from biological observations taken
from the literature (see also introduction):

1. The Auxin quantity in a cell changes as a result of
active transport and diffusion between cells and local
creation/degradation [28], as in previous models
[10,24,25].

2. Auxin is created locally in every cell (suggested by
Reinhard et al. [29], also used in other models [17,24,25]). At
this stage all precise locations of auxin synthesis is not well
defined, but several of the YUCCA genes involved in auxin
synthesis are expressed at the shoot meristem [30].

3. Auxin is degradated locally in every cell, e.g., see [31].

4. Auxin is transported from the cell into the inter-cellular space
according to the chemiosmotic model [32]. Briefly, this
supposes that it is difficult for auxin to leave the cell by
diffusion because of the neutral pH of the cytoplasm, whereas
it can enter it more freely from the acidic inter-cellular space.
Therefore, the plant has developed a system of transporters
that facilitates the transport from cell to cell [8,33]. At the
meristem, only PIN transporters seem to be polarized, while
the AUX/LAX influx carriers are homogeneously distributed
over the membrane. We model this overall transport process
using a simplified system. First, we assume direct flux of auxin
from cell to cell by omitting the wall compartment. Second,
due to the symmetry of influx carriers, only PIN is simulated
explicitly. Therefore, we model auxin redistribution in
the meristem as a result of passive diffusion
between cells and polar transport which is governed
by PIN. A similar approach was also used in other transport
models [10,17,24-26].

5. PIN concentration in a cell membrane is up-regulated
by auxin flux through this membrane [14]. This
hypothesis is explained in detail in the Mathematical
Formalization section.

To design the model of phyllotaxis, we extended the auxin
related hypotheses with a set of hypotheses related to phyllotaxis:

1. The shoot apical meristem is a dome shaped structure,
containing up to thousands of cells. We distinguish the
epidermal layer, called L1, that is one cell thick from
the subepidermal cells that makes up the rest of the

dome. 217 \where JP
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. The L1 layer is itself composed of a central zone

surrounded by a peripheral zone (also called compe-
tence zone). These zones exhibit different properties [34] as
explained below.

. Primordia can appear only in the peripheral zone of

the meristem [1]. Once a primordium is initiated, it moves
away from the meristem summit following a radial trajectory,
due to cell growth throughout the L1 [2,35].

. In the L1, primordium cells act as sinks by redirect-

ing auxin from the L1 layer downwards. This hypothesis
is justified by the presence of vascular strands below each
primordium which would transport auxin downwards [7]. We
assume that a primordium can easily remove any amount of
auxin (the saturation level is much higher than the amount of
auxin available in meristem).

. Longitudinal sections show that provascular strands are

approximately three cells wide (data not shown). Therefore
we assume that a primordium is constructed from a
central cell and all its direct neighbours.

.A new primorium is formed as a response to high

auxin accumulation in a cell of the competence

(peripheral) zone [1].

7. Auxin and PIN reallocation are fast processes. PIN
proteins can be reallocated within one or two hours
([23], our own unpublished results). Growth occurs at
a slower timescale. Typically, a cell doubles its
volume in 24 h [36]. Therefore, as a simplification, we
consider auxin concentrations and PIN localisation to be in
equilibrium at the time scale used to model growth.

8. Auxin is concentrated in the L1 and accesses the inner
layers via primordia. Because of the presence of AUX/
LAX auxin importers, it has been proposed that auxin is
concentrated in the L1 layer. It is mainly transported to the
inner tissues via the provascular strands in the primordia.

Flux-Based Polarization Model

The model is essentially based on the flux-based polarization
hypothesis derived from the canalization concept, introduced by
Sachs [14] who suggested that auxin transport is increased during
the vascular induction by the auxin flux itself, leading to the
canalization of the flux (for earlier mathematical formalizations see
also [15-18,37]. The model is inspired by the original Mitchison
model revisited by Rolland-Lagan and Prusinkiewicz [16,18].

Conservation law for the transport of auxin. We denote a;
(mol'm~?) the concentration of auxin in a cell i and Din (mol-m %)
the concentration of PIN proteins in the membrane facilitating
transport from cell i to cell n. V; (m®) denotes cell volume and JV;
denotes the set of neighbouring cells of cell 2 If ¢ and = are two
neighbouring cells, then S;, (m? denotes the exchange surface
between these two cells. We assume that the auxin variation rate
results from the combination of three processes: (i) diffusion, (i)
active transport of auxin by PIN, and (iii) local cell auxin synthesis
and decay (see Auxin Hypotheses 1-4).
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diffusion from cell ¢ to its neighbouring cell 7, active transport from
cell ¢ to n respectively. By convention, out-going fluxes are positive,
incoming fluxes are negative. o, (mol'm™ s~ ') is a constant that
describes the rate at which auxin is produced in cells and f, (s~ ")
defines the rate of auxin decay. Diffusion is modelled using Fick’s
First Law, J2 =yp(a;—a,) where yp is the constant of
permeability reflecting the capability of auxin to move across the
membrane (m-s~ ). In his original paper from 1981, Mitchison
proposed to model the flux due to active transport across a
membrane between cells ¢ and n as J;in =y 4(aipin— aypn;i) where
74 (m®mol ™ 's ™) characterizes the transport efficiency of the PIN
pumps. Hence the auxin variation rate in a cell 7 can be expressed
as:

aa,‘ 1
Tt S L
= Vin; iy p (@i —ay) +
1 2
- ? Z Si.nVA (aipi,n - anpn,i) + ( )
! neN;
+ Olg — ﬁaai~

Flux-based polarization. According to Sachs’ original
concept, canalization relies on a feedback mechanism from the
auxin fluxes on its transporters. More precisely, we assume that the
concentration of PIN proteins p; , in cell ¢ transporting auxin to cell
n changes due to (i) insertion in the membrane induced by the flux
and (i) background insertion and removal of PIN from the
membrane. The net flux of auxin that crosses membrane from cell 7 to
cell nis Jiny=JP,,+J}!

—n i—-n*

5171',:1
ot

:q)(«]iﬂn)‘kap*ﬁppi,m (3)

where @ defines the intensity of PIN insertion into the membrane
due to the feedback of the auxin flux, «, (mol'm™~?-s™!) describes
the rate of background PIN insertion into the membrane, and f,
(s™") the background removal rate from the membrane. Depending
on the nature of the @ function, different types of canalization
regimes can be obtained ([17] and see below). In this paper we use
two types of functions: a linear function @,(7; .,) = k(Fi./ Jrer) and
a quadratic function ®yJi.,)=k(Jisn/Jos where K
(mol'm™%s™") is a constant parameter and J,or (mol-m™ s ") is
an arbitrary reference flux that makes it possible to keep constant
units in the equation. For a negative net flux the ® functions are
truncated to 0, which means that no additional PIN is inserted in
the membranes for which more auxin particles come in than
particles come out.

SAM Model

As mentioned above we suppose that auxin flows essentially in
two separated conduits: the L1 layer and the subepidermal layers.
The two systems meet at the primordia cells. This very localized
coupling between epidermal and subepidermal domains makes it
possible to model the transport in each pathway independently
and to account for their interaction at the sites of primordia only.

Epidermal model. We represent the L1 layer by a set of
polygonal cells forming a 2D surface. Similarly to other models of
auxin transport at the SAM [24,25], the inter-cellular space was
not modelled as a compartment of its own (however see [38]) and
the contact between cells was abstracted as a single separation
(referred to as membrane) allowing auxin molecules to flow between

Flux-Based Polarization in Meristem Development

model phyllotaxis we included certain topological and geometrical
assumptions. We identify a particular point z as the meristem
centre. Different zones of the meristem are defined relatively to
this centre z. The centroid of each cell ¢ is denoted by o, The
central zone, Z, is the set of cells whose centroids have a Euclidean
distance to the meristem centre £ less than or equal to the constant
radius Rz. Similarly, a cell 7 belongs to the peripheral (or
competence) zone C when the distance between its centroid o; and
the meristem centre £ is less than or equal to R¢ and greater than
Rz. Cells 7 in the peripheral zone can be promoted to primordia
cells (which is denoted by i € @).

Subepidermal meodel. Second, to model the vascular
pathways below the primordia, we designed a 2D model of a
longitudinal section of the SAM where the connection between the
epidermal and subepidermal layers could be explicitly represented.
In the subepidermal layer, the definition of the zones Z, C, and of
primordia cells g is analogous to that of the epidermal model.
Cells are also represented as 2D planar polygons whose edges
represent cell membranes.

Growth of the SAM. To simulate meristem dynamics, we
used a purely kinetic description of meristem growth [25]. We
explicitly defined the velocity v of every point at the meristem
surface in a reference frame attached to the meristem centre z.
The velocity »(x) of a point x at the meristem surface is assumed to
be proportional to its distance to the meristem centre:
u(x)=p|x—z|, thus simulating isotropic radial growth [2]. The
constant p defines the relative elementary growth rate in the radial
direction [39]. Due to this global kinetic process, the vertices of
each cell move toward the meristem periphery with a velocity
growing exponentially. This makes the cells grow smoothly as they
move away from the meristem centre. As soon as a cell surface
exceeds a constant threshold .., the cell divides by creating a
new wall inside. The position of this wall is computed using a
modification of the optimization criterion introduced by Nakielski
[40], i.e., finding a wall that both minimizes the distance between
two opposite walls of the cell and that divides the cell into two
polygons with the same surface. Then, similarly to [25], the cell
vertices of newly created walls are slightly moved toward each
other to provide a more realistic aspect. After a cell division event,
the auxin concentration and PIN concentration in the membranes
are inherited by the daughter cells from their parent. Primordium
identity is inherited by randomly choosing one daughter of the
primordium cell as the new primordium cell. The new membrane is
initialized with o,/ f8, concentration of PIN on both sides. Finally,
to keep a constant size of the overall simulation, a cell ¢ that is too
far away from the meristem centre £ (its centroid o; is at a distance
greater than Rg,,) is removed from the simulation.

In order to integrate in a single model the different processes
involved in the system, i.e., auxin transport, cell growth, division,
PIN allocation, and cell differentiation, we assume that these
processes take place at different scales. Auxin transport is supposed
to be much faster than growth and cell differentiation so that in the
growing meristem, auxin concentrations are always at equilibrium.

Practical Aspects of Simulation

Numerical solving. The non-linear system of equations
describing the flux-based polarization model is integrated using
the Scipy package designed for ODE solving [41]. The integration
algorithm uses the Adams predictor-corrector method in the non-
stiff case [42]. Solver iterations are performed until a stable state is
obtained, i.e., until change in auxin concentration becomes less
than a predefined threshold value &, in every cell.

Boundary and initial conditions. The boundary conditions

adjacent cells and PIN molecules to accumulate on either side. To218 for every simulation are specified in the supplementary material
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(Text S1). In most simulations boundary cells do not receive any
auxin flux from the outside and we assume fixed, null
concentration in sinks. In all simulations we assume that the
initial auxin concentrations are null and PIN concentration on
both sides of the membrane are initiated with a basic amount of PIN
ot/ By

Visualisation and
visualization of tissue simulations was carried out with PlantGL,
an open-source graphic toolkit for the creation, simulation and
analysis of 3D virtual plants [43] available in the OpenAlea
software platform for plant modelling [44].

General convention for figures. In all figures representing
1D or 2D tissues, we adopted the following graphical conventions:
the absence of auxin in a cell is represented by black while the
highest concentration is shown in bright green. Intermediate
concentrations are represented by interpolations between these
two extremes (see Text S1). PIN transporters at the membrane of a
cell 7 are represented as a red line. The thickness of this line is
proportional to the amount of PIN.

Supplementary materials. For every figure showing a
dynamic system, we provide a corresponding movie to capture
system dynamics (Videos S1, S2, S3, S4, S5, S6, S7, S8, S9, S10,
S11, S12, S13, S14, S15, S16 and S17). Movies are available as
supplementary materials and named after the figures.
Supplementary  text is  provided, specifying equations,
parameters, boundary and initial conditions and display specific
conventions (Text S1).

simulation environment. The

Results

The study of systems controlled by flux-based polarization is not
straightforward as the process relies on a feedback loop between
auxin concentrations and auxin fluxes in tissues. To address this
problem, we first defined different remarkable properties of the
Jlux-based polarization that are essential in the generation of
patterns. These properties are illustrated on simplified 1D or 2D
“virtual tissues”. The sensitivity of the model for different
parameters was tested. As expected, the sytem was more
dependent on certain parameter values, but overall the results
were robust (Text S1). Based on this analysis, we then investigated
the ability of flux-based polarization to produce phyllotactic
patterns at the SAM in a way that is consistent with the current
biological knowledge and observations.

Flux-Based Polarization Amplifies Fluxes

The flux-based hypothesis, proposes that any small flux between
two cells in the system will reinforce itself by increasing the local
amount of PIN, thus initiating a positive feedback loop. Initial
fluxes may typically be generated by diffusion between zones with
different concentrations. We illustrated this phenomenon on a 1-
dimensional tissue with two perfect auxin sinks at both extremities
(Figure 2A). Auxin is produced in every cell except the sink cells.
Initially, the highest flux appears close to the sink cells, due to
diffusion. This small initial flux is subsequently reinforced by a
polar allocation of PIN transporters favoring the evacuation of
auxin in the direction initiated by the original flux. If the auxin
sink is maintained, the auxin flux reaches a stable state with the
maximum concentration of auxin appearing at the maximal
distance from both sinks (Figure 2A). This figure also shows that
the concentration of PIN at each cell membrane linearly increases
from the location of the auxin maximum up to the sinks. This is
because each cell is producing auxin at a constant rate o, and in
the stationary state the amount of removed auxin must be

balanced by auxin synthesis (if we neglect auxin degradation). It2
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implies that the auxin flux should grow linearly in the direction of
the closest sink. If the feedback function @ is linear, this results in a
linearly increasing allocation of PINs to the cell membranes in the
direction of the closest sink.

Flux-Based Polarization Allows Auxin To Flow with or
against Auxin Gradients

Although the molecular mechanism underlying PIN polarization is
still unknown, PIN proteins can polarize either with or against the
gradient of auxin [8,22,45]. If a unique transport mechanism is
operating in the plant it should thus be able to reproduce this
property. In the previous example, auxin fluxes were amplified from
regions of high concentration of auxin to regions of low concentration
(Figure 2A). Auxin thus flowed with the auxin gradient.

To show that flux-based polarization can also lead to flow against
the gradient, we modified the above l-dimensional model by
weakening the sinks in such a way that they were only able to
degrade auxin at a finite constant rate. This simple modification
produces a drastic change in the system’s behaviour. The auxin
gradient is now reversed in the stable state, with highest
concentrations at the sink locations and lowest in the places
maximizing the distance to all sinks (Figure 2B).

To study the conditions for either pumping with or against the
gradient, we considered a system of two cells sharing a membrane.
One cell is a source of auxin while the other acts as a sink
destroying auxin at a constant rate. Once this system reaches a
stable state, the net flux across the membranes separating the two
cells 1s exactly equal to the rate at which the source creates auxin
and leads to a polarization of PIN from the source to the sink.
Depending on the model parameters, the system can reach
different levels of concentration in both cells. Two regimes may be
obtained as shown by the graphs (Figure 2C and 2D). The
transition between both regimes, pumping with or against the
gradient, can be obtained by varying different parameters of the
model such as the feedback strength and the degradation rate (2).

Flux-Based Polarization Has Two Different Regimes (Weak
and Strong)

Initially, the flux-based polarization hypothesis was introduced to
model the formation of vascular canals in stem and leaf tissues, as
an integral part of the canalization concept [15-17,19,37]. Using
this mechanism in the meristem may seem in contradiction with
the absence of canals at the meristem surface. Feugier et al. [17]
demonstrated that a_fluxed-based polarization mechanism where the
feedback function ® was linear did not result in the formation of
canals in a tissue. We further confirmed this by comparing the
behaviour of auxin transporters in a 2D sheet of cells showing
weak or strong feedback. When the feedback function ® is non-
accelerating (increasing linearly or less rapidly than linearly) the
process creates laminar flows transported by homogeneous
arrangement of PINs and converging to the sink (Figure 3A).
We refer to such a system as a weak regime. Conversely, when the
feedback function @ is accelerating (increasing more rapidly than
linearly), canals appear, creating branching structures in the 2D
tissue (Figure 3B). We will call such a system a strong regime. In
both cases, fluxes may be oriented with or against the gradient,
depending on the model parameters and boundary conditions.

The Weak Regime Can Produce Fields of Lateral
Inhibition of Varying Intensities

As explained earlier, the most widely accepted theory of
phyllotaxy relies on the formation of inhibitory fields around each
primordium. Recent models propose that these fields are in fact
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Figure 2. Canalization in a 1-dimensional cellular system. (A,B) show the system consists of 20 linearly aligned cells. Boundary cells are acting
as sinks; hence they evacuate or degrade auxin. At the start of the simulation the cells do not contain auxin. Then the simulation runs until a stable
state emerges. On the two first plots (A,B) the blue and red lines correspond to PIN concentrations at the right and left side of the membranes
respectively. The two systems differ only by the way auxin is removed: in (A) we assume that the removal in the sink cells is very efficient whereas in
(B) the removal efficiency is limited. This difference leads us to two different stationary patterns in which the auxin gradients are opposite and the
sink cells are minima of auxin (A) or maxima (B). (C,D) present a further analysis of the conditions leading to pumping against or with the gradient. For
this purpose a system of two cells sharing one membrane was analysed. (C) presents the concentrations of auxin in the two cells in the stable state as
a function of the degradation rate f§ of the sink. The green curve corresponds to auxin concentrations in the source cell, the blue curve corresponds
to auxin concentrations in the sink cell. In the grey region, pumping is carried out against the auxin gradient, while in the white region, pumping
follows the gradient. (D) shows similar curves for the variation of the feedback strength « of flux on PIN synthesis.

doi:10.1371/journal.pcbi.1000207.g002

zones where auxin is depleted [2,3,6]. To show that flux-based
polarization can indeed be considered as a plausible mechanism,
we demonstrate that it can generate such inhibitory fields with
varying intensities.

A weak regime (as in Figure 3A) leads to the formation of a zone
around the sink where auxin is depleted. The intensity of the auxin
depletion fields around sinks can be changed by tuning the

insertion in the membranes. Figure 4 shows the extent of inhibitory
fields (in black) around the blue sinks for increasing values of
parameter k. PIN is regularly distributed throughout the tissue,
with a polarity that is determined by the relative distance of the
cell to the different sinks. The weak regime thus makes it possible
to vary the auxin depletion level around sinks. It therefore provides
a plausible explanation for the formation of inhibitory fields during

parameter x that controls the feedback level of auxin fluxes on PIN220 organ initiation at the SAM.
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Figure 3. Weak and strong regimes on 2D hexagonal lattices.
The sink cells are tagged with blue dots. (A) shows the stable state in
case of a weak regime. At the end of the simulation the auxin
concentration is progressively increasing with the distance from the
sink. PIN, marked in red, is present in all cells leading to a laminar flow
over the entire surface. (B) shows the stable state of a strong regime
with one sink leading to the formation of canals (where PIN is present)
and patches of cells without transporter. This system corresponds to
the original canalization concept.
doi:10.1371/journal.pcbi.1000207.g003

Flux-Based Polarization as a Source of Patterning in a
Growing Structure

The mechanism that controls PIN orientation in cells takes
place in a growing structure. Therefore we constructed a
dynamic model with dividing and growing cells. As before, we
assume that all cells create auxin except for a limited number of
cells marked as sinks in which auxin concentration is fixed at 0.
To produce phyllotactic patterns, the combination of flux-based
polarization hypothesis and tissue growth should therefore show
a recurrent, temporal patterning property. We show this
property in a simplified 1D model by introducing a sink creation
threshold, i.e., an auxin concentration at which a new auxin sink
is created. In a growing system, neighbouring auxin sinks are
pushed apart. Due to the weakening of the sink influence and the
constant local hormone production the level of auxin increases in
the zone between these two sinks. At a particular auxin threshold
(the sink initiation threshold ), the amount of hormone is
sufficient to initiate a new sink at the location which is the
farthest from the two sinks (Figure 5A and 5B). As a result of sink
creation, some of the PIN pumps reverse toward the new sink,
with PIN and auxin patterns similar to that of the previous sinks.
By changing the sink initiation threshold o, it is possible to
augment or to decrease the initiation frequency (Figure 5C—F).
In the supplementary materials we show in details how the
initiation frequency depends on different model parameters
(Text S1).

BE=1.5

Flux-Based Polarization in Meristem Development

Flux-Based Polarization Model Can Reproduce Observed
PIN Maps and Realistic Influence Zones

In Barbier et al. (2006), we showed that the distribution of PIN
at the SAM (called “PIN map”) has a number of specific features
[10]. As illustrated in Figure 6, PIN labelled membranes are
pointing towards their nearest primordium (blue dots in Figures 6B
and 6C). In addition, a significant number of cells appear to
transport auxin to the meristem summit. A plausible model of
phyllotaxy should be able to reproduce similar distributions of
PIN.

To determine to what extent the flux-based polarization model
could reproduce realistic PIN maps, we digitized the cell walls on
the images of real meristems, immunolabelled to visualize PIN.
We recorded the PIN orientation in each cell as described in [10]
(called real PIN maps as in Figure 6C). The position of each
primordium could be clearly identified as indicated by the
convergence of PIN toward particular cells and the presence of
vascular strands below these primordia seen on other sections of
the same meristem (blue dots in Figure 6B, longitudinal image
data not shown). We also designated a central zone of about 6 cells
in diameter at the meristem summit. This zone is usually free of
primordia in the wild type Arabidopsis SAM.

We then simulated the emerging arrangement of PIN
distributions according to the flux-based polarization hypothesis
on the digitized maps. Primordia were considered as perfect sinks
while all other cells in the meristem were assumed to produce
auxin at a fixed rate according to Equation 2. The resulting PIN
distributions are shown in Figure 7. Close to the primordia, the
simulated PIN arrangements are converging towards the sink cell
and look similar to the PIN arrangements on the real PIN maps
(Figure 6A). Besides, auxin accumulates at the position where one
would expect the next initium in a spiral phyllotaxy (Figure 7A).
However, contrary to real PIN maps, virtual PIN patterns did not
show any significant converging tendency towards the centre of
the meristem. To overcome this discrepancy, we made a second
simulation, where the cells in the meristem centre were assumed to
degrade auxin at a higher rate. While the convergence of PIN
toward the primordia cells is preserved, an additional convergence
of PIN toward the centre is now observed, reflecting more
faithfully the observed distributions of PIN in the immunolabelling
images (compare Figures 6C and 7B). The same result were
obtained by reducing the synthesis of auxin in the central zone of
the meristem (result not shown).

To go beyond a simple visual inspection for similarity, we
computed the so-called wfluence zones of the primordia and of the
central zone in the real meristem and compared them to those in
the simulated meristems. The influence zone of a region (i.c., a
cluster of cells) is the set of meristem cells that are connected to a

D k=20

Figure 4. Inhibitory fields induced by a flux-based polarization system. The size of the field changes according to the value of parameter x

which regulates the feedback of fluxes on PIN pumps synthesis.

doi:10.1371/journal.pcbi.1000207.9g004 221
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Figure 5. Dynamic patterning with flux-based polarization. (A,B), (C,D), and (E,F) present three simulations with different thresholds w for
primordium initiation. (A,CE) present the step just before primordium initiation and (B,D,F) present the step just after primordium initiation. The
frequency of primordium initiation increases with a decrease of the initiation threshold w.

doi:10.1371/journal.pcbi.1000207.g005

A B

C

Figure 6. SAM digitalization. (A) shows the PIN distribution in a real meristem obtained using immunolabelling (top view). (B) shows the same
image with marked primordia cells (blue dots) and central zone cells (white dots). (C) shows the reproduction of PIN distribution and polarity in a

digitized version of the same image.
doi:10.1371/journal.pcbi.1000207.9006

cell of the considered region through a path of PIN arcs oriented in
the direction of this region. Figure 8 shows the influence zones of
different regions (centre and primordia) on real (Figure 8A-D) and
simulated (Figure 8E-L) PIN maps. In real maps, pumps are
distributed in such a way that auxin can reach the central zone from
all the directions between each pair of primordia (with a small auxin
pathway between primordia £, and P, a larger one between
primordia £ and P, and the largest pathway between P, and F).
Influence zones of the primordia are restricted to the neighbourhood
of each primordium and do not extensively overlap with the cells of
the central zone. We then computed the influence zones from the
first simulation where the central zone did not act as a sink. This
showed important differences with the real maps. For the central
zone , only two auxin pathways of equivalent width could be
observed while the pathway between £, and P, had disappeared
(Figure 8E). In addition, the influence zone of F, largely crossed the
meristem centre in 8F in contrast to what was observed on the real
map. The influence zones of the simulations with auxin depletion in

B

Figure 7. Simulation of auxin transport in a digitized meristem
based on the flux-based polarization hypothesis. The cells and
primordia of the real meristem shown in Figure 6 were used to initialize
the system, and the virtual PIN maps were then calculated based on the
flux-based polarization hypothesis. Green intensity is proportional to
the virtual auxin concentration. (A) shows a simulation where the centre
plays no special role in the auxin flux. (B) shows a simulation where the
centre degrades auxin.

doi:10.1371/journal.pcbi.1000207.g007
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the centre showed better agreement with the influence zones
computed from real PIN maps: with three auxin pathways of
gradually increasing width going to the meristem centre and the
influence zones of primordia being almost non-overlapping with cells
in the central zone (Figure 8I-L).

Formation of Phyllotactic Patterns and Provascular

Strands

Based on the preceding results, we designed a dynamic model of
phyllotaxy using the flux-based polarization hypothesis. The
epidermal and subepidermal layers were assumed to be relatively
independent, except at the primordia were the two interact by
exchanging auxin. This assumption was based on the generally
accepted hypothesis that auxin is accumulated in the L1 layer due
to the presence of influx carriers of the AUX/LAX family on the
cell membranes [7]. This made it possible to simulate auxin
transport at the surface and in internal layers separately and to
summarize their interactions as boundary conditions. Since in the
L1 layer no channels of auxin transport are observed, we supposed
that the weak regime prevailed at the surface. For vein formation
in inner tissues, we supposed that a strong regime was active.

The simulations using the model characteristics described above
resulted in a dynamic pattern of auxin distribution and
primordium formation. The following general scenario was
observed. In the L1 layer, each primordium evacuates auxin by
its provascular system to the inner parts of the meristem. In the L1,
the primordium can thus be considered as a sink depleting auxin
in its immediate neighborhood. This in turn inhibits the formation
of new primordia close to the existing ones (Figure 9A). Due to cell
growth, primordia progressively move away from each other,
which allows the accumulation of auxin in cells sufficiently distant
from these young organs. As a result a new maximum of auxin
concentration gradually appears in the region maximally separat-
ed from all primordia, thus defining the location of the next
mitium (Figure 9G). As soon as the auxin concentration exceeds a
predefined threshold in a cell belonging to the competent zone
surrounding the central zone, this cell and its immediate
neighbours acquire primordium identity (Figure 9B). This implies
that auxin can leak at the initium location into the inner layers,

223 which triggers the creation of the primordium vascular strand
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K L

Figure 8. Influence zone analysis. The influence zones calculated for the central zone (first column), P, (second column), P; (third column), P,
(fourth column) in real and simulated maps. (A-D) show the influence zones in a real map. (E-H) show the influence zones in digitized maps where
PIN labelling was calculated based on the flux-based hypothesis. In this simulation, cells in the central zone are identical to other cells. Primordia (blue
cells) are perfect sinks. (I-L) shows a simulation based on the flux-based polarization hypothesis, but here both primordia and cells in the central zone
(white cells) are removing auxin. Note that qualitatively the last simulation shows a better match with the original real map.

doi:10.1371/journal.pcbi.1000207.g008

(Figure 9H). The vein being formed below the initium drains the
auxin out from the L1 layer and converts the initium into an auxin
minimum (Figure 9C and 9H). The flux induced by this process
reverses pump polarizations in the direction of the initium in the
L1 (Figure 9C and 9I). Then, due to tissue growth, new space
becomes available allowing the system to generate a new initium
(Figure 9D and 9E). This system is able to produce a stable
phyllotactic pattern, with a mean angle close to the golden angle,
137°5 (Figure 9F) observed in Arabidopsis and characteristic for
spiralled phyllotaxis.

An obvious simplication in this model is the assumption that an
instant drop in the auxin concentration occurs when cells of L1
acquire primordium identity. However, modifying the rate at
which the auxin concentration changes at the initium showed that
an immediate drop gives qualitatively the same patterns as a

would add another parameter to the model we kept this
simplification.

Discussion

We describe here a flux-based model, that provides a realistic
explanation for phyllotaxis, predicting patterns of PIN distribution
that are very similar to the observed ones. The model leads to a
classical inhibitory field scenario where the very young primordia
pumps auxin towards the inner tissues, draining the hormone
away from their immediate vicinity. As long as these sinks are close
to the competence zone, no new primordia can be formed.
However, as growth drives the sinks away, auxin concentration
can build up again locally because of synthesis and transport,
creating a new auxin maximum. The model proposes that the

gradual reduction over time (simulation not included). Since this224 import capacity of the L1 layer at the surface is overridden when a
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Figure 9. Dynamic models. (A-E) 2D top view of a virtual meristem following the flux-based model showing the dynamics of PIN distribution,
auxin concentrations and primordia initiation. The sequence shows the initiation of two consecutive primordia (arrowheads). The sequence starts
with auxin accumulation in the zone that is the farthest away from the existing primordia. When a threshold is reached, the maximum acquires
primordium identity and becomes a sink. (F) shows the variation of the angles between 65 consecutive primordia. Note that the mean value is close
to the golden angle (137°5) typical for spiralled phyllotaxis as observed in Arabidopsis. (G-1) 2D transversal cut of a virtual meristem following the flux-
based model showing the dynamics of PIN distribution, leading to the formation of a provascular strand of cells that transport auxin downwards.

Detailed description in the text.
doi:10.1371/journal.pcbi.1000207.g009

certain auxin concentration threshold is reached after which the
hormone starts to leak away to inner tissues. This initial diffusion-
driven flux will be reinforced by flux-based polarization. This in
turn will rapidly create an auxin transport channel connecting the
local surface maximum to the inner vasculature and transforming
it into a sink. The main requirement here is that flux-based
polarization should be relatively weak at the surface, switching to a
strong regime in inwards directed fluxes. This switch from one
regime to the other could directly depend on the amount of auxin

part of the differentiation process induced by high auxin
concentrations. In such a scenario even a small leakage from the
surface to the inner parts would be very rapidly amplified

Flux-Based Polarization Hypothesis as a Unifying Concept

Flux-based polarization provides an alternative explanation for
phyllotaxis. Indeed, since it allows for transport with and against
gradients, it also provides a plausible explanation for the stable
auxin maxima observed in roots and leaves. This is illustrated in

flowing through the cell, but it could also be activated indirectly as229 Figure 10 where we have reproduced PIN and auxin distributions

@ PLoS Computational Biology | www.ploscompbiol.org
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Figure 10. Flux-based polarization model of the root meristem. Flux-based polarization hypothesis is compatible with the maintenance of an
auxin maximum and with the general organization of PIN at the root tip. (A) shows the existence of a stable auxin maximum at the root tip as
evidenced by the DR5:GFP marker (Ottenschlager 2003; Grieneisen 2007). At the shoot apex, the general organization of the different PIN transporters
in the different tissues suggests a flux going downward via the vascular tissues and than spreading out over superficial layers “like a fountain” (B). (C)
shows a digitized root apex based on a real optical section from an Arabidopsis root (not shown, image taken by Tom Beeckman). Similarly to PIN
maps at the shoot apex, the polarity of PIN was recorded in each cell. This PIN map was used as an initial condition for the simulation. The cellular
system was provided with a fixed global quantity of auxin initially divided equally over the tissue. In addition, two border cells of the epidermis were
chosen as auxin sinks, to comply with the biological assumption that a fraction of auxin is evacuated from the root tip along the epidermis (Swarup
2005). Auxin arriving in these sink cells is completely depleted at each simulation step. In addition, a permanent auxin source was added on the
border of the central vascular system providing auxin in a constant fashion, in accordance to biological auxin source localization in the vascular
bundle. Simulations revealed that transporter dynamics based on flux-based polarization are sufficient to enable and maintain auxin accumulation in
the collumella and quiescent centre (C), as observed in (A). Additionally, realistic transporter distribution profile was maintained by the flux-based
polarization mechanism.

doi:10.1371/journal.pcbi.1000207.g010

in the root meristem using the flux based hypothesis. An important high levels of auxin in the L1 layer when the AUX/LAX proteins

caveat is that two different regimes are required in the model. As are inactivated. We therefore conclude that overall our model is in
shown previously by Feugier et al., only the weak regime can line with the experimental data supporting a major role of the
explain the absence of canals as observed at the meristem surface meristem surface in phyllotaxis.

[17]. In this context it is important to note that the weak regime

has some characteristics in common with diffusion. In particular, Auxin and the Central Zone

both processes can lead to auxin transport down the gradient. An intriguing aspect of our model concerns the central zone
However, as auxin cannot freely diffuse between the cells, the (CZ) cells. Like the concentration-based model, the flux-based model
weak regime is fundamentally different and can only function if the does not require any particular property of this zone, other than a
cell is able to sense fluxes. As long as the precise mechanism of PIN lack of competence to generate a primordium. We could, however,
localisation is not known, it will be difficult to predict whether each only obtain realistic patterns of PIN distribution when we
regime would require a completely different cellular mechanism attributed a sink function to this zone. This is in line with earlier
which would go against the idea of a unifying concept. However, it observations by Barbier et al. (2006) who provided evidence that
scems reasonable to propose that both regimes correspond o the C:Z receives auxin fluxes [10]. However, the sink function of
different states of the same flux sensing mechanism. We therefore the CZ required by the flux-based model seems in contradiction
conclude that the flux-based hypothesis remains a potential unifying with the same study showing the presence of relatively high auxin
mechanism for auxin transport throughout the plant. levels there. It is therefore important to note that in the flux-based

model the concentration in the CZ is not much lower than in the

Confronting the Flux-Based Polarization Hypotheses with other peripheral zone cells, and is certainly significantly higher
Experimental Results than in the primordium cells. Therefore on average the model

Having established that the flux-based polarization model can would predict higher concentrations in the CZ than in the
reproduce phyllotactic patterns, it now becomes important to test periphery as reported by Barbier et al. (2006). As a result there
the hypothesis as rigorously as possible. We have made a first step does not appear to be any conflict between ecarlier observations
towards this procedure by comparing the predicted PIN protein and the flux-based hypothesis.
patterns with the observed ones. While this in itself is a stringent
test, so far not performed on other models, the flux-based model Auxin Concentrations and PIN Dynamics

should also be coherent with other existing data. In the fOllOVViIlg The ﬂux—ba;ed model scenario proposes that a relatively broad
paragraphs we will discuss a number of its implications. auxin peak leads to an inward flow which rapidly leads to the
formation of an auxin sink. It is the formation of this sink that will
Auxin Concentrations at the L1 Layer reorient the PIN transporters in surrounding cells. This scenario
Like the concentration-based model, the flux-based model requires seems in contradiction with earlier observations suggesting that (i)
that the patterning process mainly occurs in the L1 layer. This is the reorientation of PIN transporters precedes the initiation of the
based on the idea that auxin is concentrated there by auxin young organ and (ii) that an auxin maximum is maintained at the
importers (AUX]1 and LAX proteins) that are strongly expressed in young primordium. There are several explanation for these
the L1. In addition, the highly organized distribution of PIN at the apparent contradictions.
meristem surface also indicates that the patterning process mainly First, it has not been unambiguously established that the PIN
occurs in the LI layer. This might seem contradictory with the transporters orient before the initiation of the inward flux marked by
phenotypes of mutants where the auxin importers are impaired the formation of the provascular strand. Heisler et al. (2005) showed
and which are still able to generate primordia. It should be noted, that there is some reorganisation of PINs before this strand is formed
however, that other factors such as the human multiple drug but did not report clear converging transporters [47]. In accordance
resistance/P-glycoproteins  (MDR/PGPs) are also involved in with this, we have observed the presence of PIN in the internal tissues

auxin influx [46] and could guarantee the presence of sufﬁciently226 at a moment where the transporters were not clearly converging
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Figure 11. Confocal image of a living meristem expressing a fluorescent version of PIN (PIN1:GFP). (A) shows the higher expression of
PIN at the surface around new primordia is clearly observed. The yellow circle indicates the site where the next organ will be initiated. The images
show no very obvious reorientation of PIN orientation at this site, although a provascular strand expressing PIN is clearly observed at this site (yellow

circle on the individual section of the same meristem in (B)).
doi:10.1371/journal.pcbi.1000207.g011

(Figure 11). We therefore conclude that the precise timing has not
been sufficiently well established to draw clear conclusions.
Second, the supposed stable auxin maximum at the young
initium has been revealed using the so-called DR5rev promoter
driving the green fluorescent protein (GFP). This promoter
contains an auxin responsive element and is activated by auxin
responsive transcription factors. While it is often presented as a
quantitative auxin sensor, it is in fact only a very indirect marker
which not only depends on the amount of hormone but also on the
capacity of cells to react to it. In addition the fluorescent GFP
marker can be stable for prolonged periods, and could therefore
mask rapid changes in the activity of the promoter. It is therefore
possible that the precise fluctuations in auxin concentrations at the
primordium have not been unambiguously established. In
addition, DR5rev might not only mark high auxin concentrations
but could also be activated by other factors For instance, high
levels of another hormone, brassinolide, can activate DR5 in the
apparent absence of changes in auxin levels [48]. At this stage, we
even cannot exclude that DR5rev reacts to auxin fluxes, although

Figure 12. The simulation 7B results showing the predicted
levels of auxin concentration (A) and flux intensity (B). The
simulation 7B results showing the predicted levels of auxin concentra-
tion (A) and flux intensity (B). Note the sharp peaks observed in (B),
comparable to DR5rev:GFP peaks observed in vivo [10].

this remains speculative. Interestingly, our simulations show that a
Jlux-based activation of DRbSrev would give sharp maxima, very
comparable to what is observed in vivo (Figure 12).

General Conclusion

In this study we have shown that the flux-based polarization
model is a plausible alternative to the existing concentration-based
model for phyllotaxis. Further experimentation is now required to
distinguish between the two models. A careful and quantified
description of cell behaviour (e.g., PIN distribution) should be part
of this approach. We are further testing this by using transgenic
approaches aimed at modifying the capacity of these cells to
transport auxin or by changing the auxin content in the same cells.
A major scientific question concerns the actual mechanism
involved in auxin transport. Indeed a better insight into the
process might also help to validate one or the other polarization
hypothesis. It is important to note, that both the flux-based and
concentration- based models are obvious abstractions of reality. They
both do not, for instance, take into account inter-cellular spaces
nor do they indicate how auxin fluxes or auxin concentration
gradients are sensed. A process like the flux-based polarization
mechanism described here could, therefore, be much more
complex than just PIN proteins sensing auxin particles flowing
through the cell. What is important here is that the overall
behaviour of the system can be described accurately by flux-based
polarization model with predicted, testable properties.

Supporting Information

Text S1 Equations, parameters, boundary and initial conditions,
and display conventions. This file describes all the mathematical
and practical details that have been used to perform the
simulations used in the paper. In particular, all parameter values
are provided for each experiment.

Found at: doi:10.1371/journal.pcbi.1000207.s001 (0.31 MB PDF)

Video S1 Movie presents the dynamics of Figure 2A.
Found at: doi:10.1371/journal.pcbi.1000207.s002 (0.31 MB AVI)

227 Video 82 Movie presents the dynamics of Figure 2B.

doi:10.1371/journal.pcbi.1000207.9012
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Found at: doi:10.1371/journal.pcbi.1000207.5003 (0.37 MB AVI)

Video 83 Movie presents the dynamics of Figure 3A.
Found at: doi:10.1371/journal.pcbi.1000207.5004 (1.00 MB AVI)

Video S4 Movie presents the dynamics of Figure 3B.
Found at: doi:10.1371/journal.pchi.1000207.s005 (2.43 MB AVI)

Video 85 Movie presents the dynamics of Figure 4A.
Found at: doi:10.1371/journal.pcbi.1000207.5s006 (0.97 MB AVI)

Video 86 Movie presents the dynamics of Figure 4B.
Found at: doi:10.1371/journal.pcbi.1000207.s007 (0.95 MB AVI)

Video 87 Movie presents the dynamics of Figure 4C.
Found at: doi:10.1371/journal.pcbi.1000207.5008 (0.95 MB AVI)

Video 88 Movie presents the dynamics of Figure 4D.
Found at: doi:10.1371/journal.pcbi.1000207.5009 (0.80 MB AVI)

Video 89 Movie presents the dynamics of Figure 5A.
Found at: doi:10.1371/journal.pcbi.1000207.s010 (4.15 MB AVI)

Video S10 Movie presents the dynamics of Figure 5C.
Found at: doi:10.1371/journal.pcbi.1000207.s011 (4.24 MB AVI)

Video S11 Movie presents the dynamics of Figure 5E.
Found at: doi:10.1371/journal.pcbi.1000207.5s012 (4.17 MB AVI)

Video 812 Movie presents the dynamics of Figure 7A.
Found at: doi:10.1371/journal.pcbi.1000207.5013 (1.45 MB AVI)
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Titre Modélisation du développement du méristéme apical caulinaire d’ Arabidopsis

Résumé Cette thése présente le résultat de recherches utilisant la modélisation informatique
pour améliorer la compréhension du développement du meéristéme apical caulinaire (SAM),
en particulier le processus, appelé phyllotaxie, d’initiation réguliére des organes. Ce travail
s’intéresse au role de ’auxine, une hormone essentielle & la plante, dans le développement du
SAM. Dans cette thése, j’introduis un modéle de transport de "auxine & I’échelle cellulaire qui
est capable de reproduire la phyllotaxie spiralée observée in vivo. Le transport de "auxine est
facilité par une famille de protéines trans-membranaires appelées PIN. La polarisation de ces
transporteurs PIN & Dintérieur d’une cellule est régulée par le flux d’auxine, tel que suggéré
originellement par Tsvi Sachs dans son concept de canalisation. Le modéle proposé, basé sur
les flux d’auxine, reproduit la distribution des pompes PIN observée in vivo, & la fois dans
la couche L1 et dans l’interieur du méristéme. La deuxiéme partie de la thése concerne la
simulation de la croissance du méristéme. Dans cette partie, j’introduit un systéme physique
de simulation de la croissance du meéristéme qui inclus les tropismes. L’auxine est connue
pour modifier la rigidité des parois cellulaires et entraine une croissance accrue aux points de
forte concentration. Le modéle précédent de transport d’auxine est donc couplé & ce modéle
physique de croissance pour obtenir une rétroaction du patron d’accumulation de ’auxine sur
la croissance des cellules.
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Abstract The research presented in this thesis uses computational techniques to heighten
our comprehension of shoot apical meristem (SAM) development, and in particular the process
of regular organ initiation, called phyllotaxis. This work is focused on the role of an essential
plant hormone, auxin, in SAM development. In this thesis, I introduce an auxin-transport
model of phyllotaxis at cellular scale, which is able to reproduce spiral phyllotaxis patterns
observed in vivo. The auxin-transport is mediated by special membrane carrier molecules,
called PIN proteins. The polarization of PIN inside of the cell is regulated by the flux of
auxin, as it was suggested in the original canalization concept proposed by Tsvi Sachs. The
proposed flux-based model reproduces PIN distribution observed in vivo both, in L1 meristem
layer and as well in the rib zone of the meristem. Second part of the thesis is dedicated to
the simulations of growth. In this part, I introduce the physical-based framework to simulate
growth of the meristem including tropisms. Since auxin modifies rigidity of cell walls leading
to an increase in growth rates in the spots of its high concentration, the introduced framework
is used to upgrade auxin transport-based model of phyllotaxis. In this upgraded model the
transport-based patterning mechanism directly modifies the growth directions of the meristem,
allowing us to study the coupling of growth, auxin and PIN distributions.
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